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Abstract 

After the work of Kisin, there is a good theory of canonical integral models of Shimura 
varieties of Hodge type at primes of good reduction. The first part of this paper develops 
a theory of Hodge type Rapoport-Zink formal schemes, which uniformize certain formal 
completions of such integral models. In the second part, the general theory is applied to 
the special case of Shimura varieties associated with groups of spinor similitudes, and 
the reduced scheme underlying the Rapoport-Zink space is determined explicitly. 
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1. Introduction 

This paper contributes to the theory of integral models of Shimura varieties, and to the related 
theory of Rapoport-Zink formal schemes. We concentrate our attention on Shimura varieties of 
Hodge type with hyperspecial level subgroup. In this case, canonical smooth integral models of 
the Shimura varieties were constructed by Kisin (see also work of Vasiu). Using these models, 
we give a construction of certain Hodge type Rapoport-Zink formal schemes, and describe their 
field-valued points in terms of certain refined affine Deligne-Lusztig sets. 

A large portion of the paper concerns what is arguably the most interesting family of Shimura 
varieties that are of Hodge but not of PEL type: those associated to the spinor similitude groups of 
quadratic spaces over Q of signature {d, 2). For this family of Shimura varieties, we use our results 
on Rapoport-Zink spaces to explicitly describe the basic (supersingular) locus in the reduction 
modulo p of the canonical integral model. 
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In what follows, we describe our results in more detail. First, we will discuss the construction 
of Rapoport-Zink formal schemes for general Hodge type Shimura varieties, and then we will 
explain the description of the supersingular locus in the reduction modulo p of the Shimura 
varieties for spinor similitude groups. 

1.1 Rapoport-Zink spaces for Hodge type Shimura varieties 

Let (G, %) be a Hodge type Shimura datum with reflex field E C C. Fix a prime p > 2 and a 
sufficiently small compact open subgroup 

U = UpUP C G(Aj) 

with Up C G(Qp) hyperspecial. This implies that G extends to a reductive group scheme over 
denoted the same way, with Up = G{hp). Denote by Sh[/(G,the corresponding Shimura 
variety; it is a smooth quasi-projective variety over E with complex points 

Shc;(G,?^)(C) = G{Q)\H X G{Af)/U 

1.1.1 For {G,'H) to be of Hodge type means that there is an embedding of Shimura data 

iG,n) ^ iGSp^g,n 2 g), ( 1 . 1 . 1 . 1 ) 

where 'H 2 g is the union of the upper and lower Siegel half-spaces of genus g. This embedding may 
be chosen in a particular way: we can find a self-dual symplectic space (G, 'ip) over and a 
closed immersion 

GGSp(G, i/>) (1.1.1.2) 

of reductive groups over Z(p) whose generic fiber induces (11.1.1.11) . 

Moreover, G can be realized as the pointwise stabilizer of a finite set of tensors (sq) C G®. 
Here G® is the total tensor algebra] it is defined as the direct sum of all free Z(p)-modules that 
can be formed from G using the operations of taking duals, tensor products, symmetric powers, 
and exterior powers. In particular, if we set 

D = Hom(G, Z(p)) (1.1.1.3) 

with its contragredient action {gd){c) = d{g~^c) of G, then G® = D® as representations of G. 

For a prime v \ p of E, Kisin |Kis m has proved that the Shimura variety Sh[/(G, "H) over E 
admits a canonical smooth integral model 

^ = y’u{G,n) 

over the localization Oe^{v)- The integral model is constructed, using (ll.l.l.ip . as the normal¬ 
ization of the Zariski closure of Shif{G,'H) in the integral model of a Siegel moduli variety. In 
particular, ^ carries over it a “universal” family of abelian varieties with additional structure, 
obtained as the pullback of the universal family over the Siegel variety. The universal family on 
depends on the choice of Hodge embedding (11.1.1.11) . but the integral model ^ does not. 

The special fiber of the canonical integral model comes with its Newton stratification, whose 
strata are defined by fixing the isogeny class of the universal p-divisible group with additional 
structure. Among the Newton strata there is a distinguished closed stratum, called the basic locus 
(see |R.R,96[rWorl3j f . For many Hodge type Shimura varieties, the basic locus is the supersingular 
locus', the locus of points at which the universal abelian variety is isogenous to a product of 
supersingular elliptic curves. This will be the case for the spinor similitude Shimura varieties 
discussed below in ^1.21 
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When Sh.jj{G,T-L) is a PEL-type Shimura variety, the completion of the integral model along 
the basic locus is described via the p-adic uniformization theorem of Rapoport-Zink |R.Z96| as a 
quotient of what is now called a Rapoport-Zink formal scheme. 

1.1.2 The first main result of this paper is the construction of Rapoport-Zink formal schemes for 
general Hodge type Shimura varieties as above. Such a construction also appears in the recent 
preprints of Kim |Kiml31 IKiml4) . We have followed Kim in the characterization of our formal 
schemes as moduli spaces of quasi-isogenies between p-divisible groups endowed with so-called 
crystalline Tate tensors, however, our construction of these spaces is more direct than Kim’s, and 
uses the existence of the integral model 

Let k be an algebraic closure of the residue field of the place v \ p fixed above, and let 
W = W(k) be the ring of Witt vectors of k. For us, a Hodge type Rapoport-Zink formal scheme 
over W is characterized in terms of the local Shimura-Hodge datum {Gzp, &xo > hxo, Czp ) attached 
to a point xq G 5^{k). The reductive group scheme G^p over Zp and the representation 

-A GL(GzJ 

were described above, and we must now explain the meaning of hx^ and pxQ- 

Denote by Xq the p-divisible group of the fiber of the universal abelian scheme at xq, and 
let D(Xo) be its contravariant Grothendieck-Messing crystal. The evaluation B(Xo)(kF) of the 
crystal on W is the Dieudonne module of Xq. Kisin shows that this comes equipped with a 
collection of crystalline tensors 

t„,oGB(Xo)(W)®, 

which are Frobenius invariant in B(Xo)(kF)®[1/p]. Moreover, there is a PF-module isomorphism 

D^ZpW ^0 {Xq){W) ( 1 . 1 . 2 . 1 ) 

identifying 1 with to,,o- Under any such identification the Frobenius operator on B(Xo)(kF) 
induces an operator on D W of the form 

F = bxoO a 

for some bxQ G G{K). Here a G Aut(lU) lifts the absolute Frobenius on k, and K = W[l/p] is 
the fraction field of W. 

Kisin shows that the Hodge filtration on B(Xo)(A:) is split by a Gfc-valued cocharacter, which 
is the reduction of a minuscule cocharacter 

PxQ ■ ^mW Gw 

satisfying bx^ G G{W)p'^^{p)G{W). 

The G(VF)-conjugacy class of is independent of (|1.1.2.ip and it agrees with the conjugacy 
class of the inverse of the Deligne cocharacter ph ■ GmC Gc associated to the symmetric 
domain H. More precisely, pxo become conjugate after we fix an isomorphism C —> K 

whose restriction to E ^ K induces the place v chosen above. 

Having fixed xq and (|1.1.2.1I) . we abbreviate b = bxQ and p = pxo- Define an algebraic group 
Jb over Qp with functor of points 

Jb{R) = {g ^ G{R ^Qp K) : gba{g)~^ = b) 

for any Qp-algebra R. The element b is basic if and only if Jb is an inner form of G. 

Theorem A. There exists a formal scheme RZg over Spf(lU) that is formally smooth and locally 
formally of finite type, admits a left action of Jb{Qp), and has the following properties: 
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(i) It is a formal closed subscheme of the usual Rapoport-Zink formal scheme RZ(Xo) over 
Spf (TP) representing pairs (X, p) of a p-divisihle group X and a quasi-isogeny p : Xq X, 
as in fRZ96j . 

(ii) There is a bijection 

RZcik) ^ XG,b,^4k) 

where XQ^b,fi‘^ (k) is the affine Deligne-Lusztig set 

{g G GiK) : g-^ba{g) G G{W)p^p)G{W)}/GiW). 


(iii) Assume in addition that b is basic, or, equivalently, that the point xq lies in the basic locus. 
Then there is an isomorphism of formal schemes 

0' : /(Q)\RZg X G{AP)/UP ^ 


Here Is the completion of the base change along the basic locus of the 

special fiber, and I is a reductive group over Q, which is an inner form of G admitting 
identifications 


HQe) = 



if i = p 
if l^p, 


and with /(M) compact modulo center. 


In fact, RZg'(A:) can be identified with the set of isomorphism classes of triples (X,p, (ta)) in 
which X is a p-divisible group over k, 

{ta)CB{X){Wf 

is a collection of Frobenius invariant tensors, and p : Xq X is a quasi-isogeny identifying to, 
with tafi. Some additional technical properties are required; see Definition 12.3.31 We can give a 
similar moduli description of the R-valued points of RZc for R any formally smooth formally 
finitely generated IP-algebra, but not for general R. This description uniquely determines RZq. 

1.1.3 Remark. As noted earlier. Theorem lAl already appears in the recent preprints of Kim 
|Kiml3l IKiml4) . It is only our construction of the space RZ^ that is new. It is essential for 
our construction (but not for Kim’s) that the local Shimura-Hodge datum {Gzp,b, p,Czp) arises 
from a point xq G ZZ'{k) on a global Hodge type Shimura variety as above. Given results on the 
non-emptiness of Newton strata for Shimura varieties of Hodge type which have been recently 
announced by Kisin, Madapusi Pera, and Shin, one should be able to show that this happens 
most of the time; we would like to return to this question on another occasion. 


1.1.4 We can also give a concrete description of RZcik') when k'/k is any finitely generated field 
extension and the p-divisible group Xq is formal. This involves the new notion of a refined affine 
Deligne-Lusztig set, which we now explain. Let W' be the Cohen ring of kl, let K' = lP'[l/p] be 
its fraction field, and suppose a : W' —>■ W' is an appropriate lift of Frobenius (see Proposition 
12.4.81) . The following is then obtained by using Zink’s theory of displays and windows. 

Theorem B. There is a bijection 

RZcik') ^ XG,b,^.y.{k') 

where the refined affine Deligne-Lusztig set XGfi^f_t>^ ^a{k') is, by definition, the image of the natural 
map 

{g G G{K') : g-^ba{g) G GiW')p^ip)} ^ GiK')/GiW'). 
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Our refined affine Deligne-Lusztig set is a subset of the naive affine Deligne-Lusztig set 

{g € G{K') : g-^ba{g) G (j})G{W')}/GiW'), 

and equality holds if k' is perfect. The above description of RZg'(/c') is entirely group-theoretical 
(he. does not involve p-divisible groups), and is thus quite useful. 

1.1.5 Remark. There is a simpler parallel theory when we consider only the points of Rapoport- 
Zink formal schemes with values in perfect Fp-algebras. Indeed, then one can even use the Witt 
vector affine Grassmannian as in [Zhul4| and |BS15| to obtain a more straightforward and general 
construction of (at least) the reduced locus of Rapoport-Zink schemes but only up to perfection. 
These constructions allow one to also consider non-minuscule coweights. However, this comes at 
the cost of passing to the non-finite type perfection which loses a lot of information. 

In contrast, in this paper we can consider points with values in non-perfect rings, but we 
must restrict to minuscule coweights connected to Shimura varieties. Allowing non-perfect rings 
as in Theorem m is essential for the application to spinor Shimura varieties described below. A 
different approach towards describing Rapoport-Zink formal schemes as functors on more general 
(not necessarily perfect) rings directly from the group data is pursued in work in preparation of 
one of us (G.P.) with O. Biiltel. 

1.1.6 Remark. A direct construction of an adic analytic space corresponding to the limit 
of Rapoport-Zink spaces over all p-level subgroups has been given by Scholze and Weinstein 
|SW13| using Scholze’s perfectoid spaces. Recently, there has been further progress in defining 
related spaces by Scholze using his theory of diamonds. The constructions of Scholze and Scholze- 
Weinstein concern the generic fiber, and do not provide a uniformization of the integral model. 

1.2 Spinor similitude Shimura varieties 

In large part, our motivation for studying Rapoport-Zink spaces for Hodge type Shimura varieties 
is to apply the general theory to the Shimura varieties associated with spinor similitude groups. 

By combining our general results, specialized to the case of GSpin, with the linear algebra of 
lattices in quadratic spaces as in |HP14| . we obtain a very explicit description of the basic locus of 
the special fiber of the integral model, and of the underlying reduced scheme of the corresponding 
Rapoport-Zink formal scheme. 

1.2.1 Start with an odd prime p and a self-dual quadratic space (R, Q) over of signature 
{d, 2) with d ^ 1. The corresponding bilinear form is denoted 

[x, y] = Q{x + y)- Qix) - Q{y). 

This determines a reductive group scheme G = GSpin(R) over 
we sometimes use the same letter to denote the generic fiber of G. 

Define a hyperspecial subgroup 

Up = G{Zp) c G{Qp). 

By setting U = U^Up for any sufficiently small compact open subgroup C G{A^), we obtain 
a d-dimensional Shimura variety Sh[/(G, "R) over Q. Here G(M) acts on the hermitian domain 

'H = {zeVc: [z, z] = 0, [z, z] < Oj/C^ (1.2.1.2) 

via the natural surjection G —>■ SO(R). 


( 1 . 2 . 1 . 1 ) 

By slight abuse of notation. 
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1.2.2 The group G is, by definition, a subgroup of the unit group of the Clifford algebra C = C{V), 
and hence G acts on G by left multiplication. For an appropriate choice of perfect symplectic 
form Ip on C, this defines a closed immersion (|1. 1.1. 211 of reductive groups over Z(p), 

Thus we find ourselves in exactly the situation described in ^1.11 Let ^ = S^u{G,'H) be the 
canonical smooth integral model over equipped with the universal abelian scheme determined 
by the symplectic embedding (ll.l.l.2p . This universal abelian scheme is also known as the Kuga- 
Satake abelian scheme, and the locus of points 

( 1 . 2 . 2 . 1 ) 

at which it is supersingular is precisely the basic locus. As before we set k = ¥p and W = W{k). 

Fix a supersingular point xq G ^{k), and let {Gzp, b, /r, Gzp) be the corresponding unramified 
local Shimura-Hodge datum as in ^1.11 Let RZ = RZg be the associated formal scheme over W, 
as in Theorem Our main result is an explicit description of the underlying reduced locally 
hnite type /c-scheme RZ'^®'^. First, we give a formula for its dimension. 


Theorem C. Let n = d + 2 be the dimension of Vq^. All irreducible components of RZ'’®'^ are 
isomorphic, and are smooth of dimension 


dim(RZ''®'^) = i < 


n — 4 
n — 3 
n — 2 

V. 


if n is even and det(VQp) = (— 1)'2 
if n is odd 

if n is even and det(VQp) ^ (—l)"^, 


where the equalities involving det(VQp) are understood to be in modulo squares. Equivalently, 


dim(RZ’'®'i) 


(d/2) — 1 ifViQp is a sum of hyperbolic planes 
\_d/2\ otherwise. 


1.2.3 In fact, we give essentially a complete description of RZ’’®'^, in the same spirit as the work 
of Vollaard |Volin| . Vollaard-Wedhorn |VW11| . Rapoport-Terstiege-Wilson |RTW14] . and the 
authors |HP14| for some unitary Shimura varieties. To explain its structure requires some more 
notation. 

Consider the quadratic space Vk over K = kF[l/p], with its natural action Gk —t 80(4^). 
The operator $ = ftofj makes Vk into a slope 0 isocrystal, and its subspace of <I>-invariant vectors 
is a Qp-quadratic space of the same dimension and determinant as Vq^, but with different 
Hasse invariant. In fact, the self duality of V implies that has Hasse invariant 1, and so 
has Hasse invariant —1. 

A vertex lattice is a Zp-lattice A C satisfying pA C A^ C A. The quadratic form pQ on 
induces a quadratic form on the Fp-vector space 

Ho = A/A"^. 


The type t\ = dim(Ho) of A is is even, and satisfies 2 ^t\ ^ tmaxj where 


t 


max 


n — 2 if n is even and det(VQp) = (—l)"^ 

< n — 1 if n is odd 

n if n is even and det(VQp) ^ (—1)'2. 


(1.2.3.1) 


One may characterize Hq as the unique quadratic space over Fp of dimension tjy that admits no 
Lagrangian (= totally isotropic of dimension tx/2) subspace. 
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Of course the base change of Oq to k does admit Lagrangian subspaces, and we define a 
smooth projective fc-variety S\ with A:-points 

SA{k) = |Lagrangians ^ C Oq ®Fp k : dim(jZ’ + $(-Z’)) ~ ^ ^ 

Here d> = id(8) o' is the operator on HqO/c induced by the absolute Frobenius (j{x) = on k. The 
variety Sa = <5^^ U 5^ has two connected components, which are (non-canonically) isomorphic, 
and smooth of dimension (fA/2) — 1. As we will explain in ^6.5.41 these can be identified with 
closures of Deligne-Lusztig varieties for SO(Ho)- 

Theorem D. The Rapoport-Zink formal scheme RZ = RZc admits a decomposition 

RZ = y RZW 

£ez 



with the following properties: 

(i) Each open and closed formal subscheme RZ^^^ is connected, and 

RZ(^) ^RZ(^+^). 


Each connected component RZ^^^ has a collection of closed formal subschemes RZj^^ C RZ^^^ 
indexed by the vertex lattices A C , and the underlying reduced schemes satisfy 


RZ 


(£),red 


5 


± 


Moreover, for any vertex lattices Ai and A 2 , 


RZai(A:) n RZajCA:) 


RZAinA 2 (fc) i-f FI A 2 is a vertex lattice 
0 otherwise. 


(hi) 


The irreducible components of are precisely the closed subschemes indexed 

by the vertex lattices of type tA = tmax- 


Loosely speaking, the theorem asserts that the irreducible components of RZ'’®®*, their intersec¬ 
tions, the intersections of their intersections, etc. are all isomorphic to varieties of the form for 
various choices of A. The following result is an immediate corollary of this and the uniformization 
result of Theorem El 

Theorem E. ForU^ C G(A^) sufRciently small, every irreducible component of the supersingular 
locus lil.2.2.1]) is isomorphic to a connected component of the smooth projective k-variety 

|Lagrangians J5f C Hq <8 A: : dim(^ + = -2^ y l 

where Hq is the unique quadratic space over Fp having dimension fmax; and admitting no La¬ 
grangian subspace. In particular, all irreducible components of are smooth and projective of 
dimension 

{d/2) — 1 ifVQp is a sum of hyperbolic planes 
[d/2j otherwise. 


= 1 = - 1 = 



1.3 Applications and directions of further inquiry 

1.3.1 One motivation for wanting such an explicit description of the supersingular locus for GSpin 
Shimura varieties is because of its relevance to conjectures of Kudla |Kud04| relating intersections 
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of special cycles on orthogonal Sliimura varieties to derivatives of Eisenstein series. Indeed, Kudla 
and Rapoport |KR,991 IKR.OOj were able to verify many cases of these conjectures for Shimura 
varieties attached to the low rank groups GSpin(2, 2) and GSpin(3, 2), and their arguments depend 
in an essential way on having concrete descriptions of the supersinglar loci. 

With the results of o now in hand, it should be possible to extend the results of [loc. cit.] 
to all Shimura varieties of type GSpin(d, 2). Some results in this direction will appear in the 
forthcoming Boston College Ph.D. thesis of Cihan Soylu. 

1.3.2 Gortz and He |GH15| have studied all basic minuscule affine Deligne-Lusztig varieties for 
equicharacteristic discrete valued fields. They give a list of cases where these affine Deligne- 
Lusztig varieties can be expressed as a union of classical Deligne-Lusztig varieties, and that list 
contains equicharacteristic analogues of the GSpin Rapoport-Zink spaces considered here. In fact, 
these spaces are the only (absolutely simple) types in their list with hyperspecial level subgroups 
which are not of EL or PEL type. The results of Gortz and He in the equicharacteristic case are 
analogous to our mixed characteristic results. 

There are other Hodge type cases for which a similar description should be possible, but for 
more general parahoric level subgroups. Extending our construction of Rapoport-Zink formal 
schemes to the general parahoric case, by using, for example, the integral models of Shimura 
varieties given in |KP15) . is an interesting problem. If this is done, then our results should extend 
to cover all the cases listed in [GH15| . This will probably require generalizing, via Bruhat-Tits 
theory, the algebra of lattices in quadratic spaces we use in this paper. In another direction, it 
would also be interesting to understand our results from the point of view of the stratifications 
introduced by Chen and Viehmann in |CV15| . 

1.3.3 In the cases considered in |GH15| . the affine Deligne-Lusztig varieties are unions of Ekedahl- 
Oort (EO) strata. Such strata can be defined in the hyperspecial mixed characteristic case fol¬ 
lowing |Zhal3j or |Viel4] . In the GSpin case considered here, the EO strata should be indexed by 
the possible types of vertex lattices A. In fact, we expect that each EO stratum is the union 
of all Bruhat-Tits strata 

BTa = RZ)v®^ \ IJ RZX®'^ 

A'CA 

in the sense of 36.51 with A ranging over all vertex lattices of the corresponding type. 

1.4 Organization and contents 

In ^we first fix notations and recall some general facts about windows and crystals for p-divisible 
groups, and about local Shimura data. When the local Shimura datum (G, [b], {//}) is of Hodge 
type, and after fixing a suitable Hodge embedding, we dehne in 32.31 a functor RZ^^^ on p-nilpotent 
algebras. We also consider a functor RZ^™ defined (only) on formally smooth formally of finite 
type p-adic algebras, which is essentially given by a limit of values of RZ^'^'’. In 32.41 we describe 
the field valued points of these functors via refined affine Deligne-Lusztig sets. 

In 33.11 we switch to the global set-up of Shimura varieties and recall some properties of the 
canonical integral models constructed by Kisin. Then, in 33.21 we prove the first main result of 
the paper (Theorem 13.2.111 : Roughly speaking, we show that when the local Shimura datum is 
obtained from a global one, the functor RZ^™ is representable by a formal scheme RZ^. In 33.31 
we prove a uniformization theorem for the formal completion of the integral model of the Shimura 
variety along its basic locus. 
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The rest of the paper is devoted to Rapoport-Zink formal schemes and Shimura varieties for 
spinor similitude groups. 

In 0we describe the corresponding local Shimura data and define the GSpin Rapoport-Zink 
formal schemes. We devote ^ to the algebra of certain type of lattices (“vertex lattices” and 
“special lattices”) in quadratic spaces. This, together with our previous general results, is used 
in ^to describe the reduced scheme underlying the basic GSpin Rapoport-Zink formal schemes 
(see especially ^6.41) . Finally, in ^ we apply our local results to the global problem of describing 
the supersingular loci of Shimura varieties of type GSpin. 

1.5 Acknowledgements 

We would like to thank W. Kim, M. Kisin, and M. Rapoport for helpful discussions and comments, 
and the referees for some useful suggestions. 

1.6 Notation and conventions 

Throughout the paper, k = Fp, where p > 2. The absolute Frobenius on k is denoted cr{x) = x^. 
We also denote by a the induced automorphism of the ring of Witt vectors W = W{k) and its 
fraction held K = kF[l/p]. 

2. Rapoport-Zink spaces of Hodge type 


2.1 Preliminaries 

In this section we introduce notation for various categories of VF-algebras. We also recall some 
facts about divided power thickenings and crystals of p-divisible groups, and Zink’s theory of 
windows. 

2.1.1 As in |RZ96| . we will denote by Nilp^ the category of VF-schemes S such that p is Zariski 
locally nilpotent in Os- Denote by 

ANilp^y C Nilp^ 

the full subcategory of Noetherian IT-algebras in which p is nilpotent. We denote by ANilp^j/ the 
category of Noetherian adic VF-algebras in which p is nilpotent, and embed 

ANilpyj/ C ANilp^ 

as a full subcategory by endowing any VF-algebra in ANilp^y with its p-adic topology. 

We say that an adic VF-algebra A is formally finitely generated if A is Noetherian, and if A/1 
is a hnitely generated VF-algebra for some ideal of dehnition I C A. Thus Spf(A) is a formal 
scheme which is formally of hnite type over Spf(VF). If, in addition, p is nilpotent in A, then A 
is a quotient of VF/(p"')|xi,... ,Xr|[yi ,... ,ys] for some n, r, and s. 

We will denote by 

ANilp^^ C ANilp^ 

the full subcategory whose objects are VF-algebras that are formally hnitely generated and for¬ 
mally smooth over VF/(p”), for some nfil. 

2.1.2 As in |RZ96[ Ghapter 2.1], every formal scheme X over Spf(VF) dehnes a functor on Nilpyj/. 
We restrict this functor to ANilp^y, and then extend to ANilp^ as follows: For A in ANilp^j/ 
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with ideal of definition I, define ?i{A) to be the set 

:^(H) = Homspf(vE)(Spf(H),X) 

2.1.3 If R is an object of ANilp^, the quotient R = R/pR satisfies the condition [dJ95l (1.3.1.1)]. 
Thus, by |d.T95[ Lemma 1.3.3], R admits a PD thickening 

R —J R/pR = R 

by a formally smooth, p-adically complete VP-algebra R, unique up to non-canonical isomorphism. 
The absolute Frobenius on R lifts to R. The formal smoothness of R over Wjp'^W implies that 
R — R/p^R, and hence R also provides a PD thickening R ^ R. One can show that ii is a 
quotient of a VF-algebra of the form 

W{xu ■ ■ ■ ■■■,ys\ = \^W/{p^){xu ■ ■ ■ ■ ■ ■ ,ys], 

n 

and hence is Noetherian. 

2.1.4 Suppose that R is any A:-algebra admitting a p-basis in the sense of |BM901 §1.1]. An explicit 
construction of a PD thickening R ^ R '\s then explained in [loc. cit.\. This applies in particular 
when R = k' \s any field extension of k, in which case R is isomorphic to the Cohen ring W' of 
k'. 

Recall that the Cohen ring W' is the unique, up to non-canonical isomorphism, discrete 
valuation ring with k' as a residue field and p as uniformizer. It is flat over the Witt ring W of k. 
If {xi)i is a p-basis of k’, then a choice of elements yi € W with = yi (mod pW) determines 
a lift cr ; W —>• W of the absolute Frobenius k' ^ k'. Set K' = W'[l/p]. 

2.1.5 Continue with the above notation, and fix a lift a : W —)• W of the Frobenius of the field k'. 
The triple {W',pW', k') gives a frame for k' in the sense of |Zin m- As in [loc. cit., Definition 2], 
a Dieudonne W-window over k' consists of a triple (M, Mi, F), in which 

— M is a free finitely generated VFCmodule, 

— ALi C M is a VF'-submodule such that pM C Mi C M, 

— T : M ^ M is a fj-semi-linear map such that F{Mi) C pM, and p~^F{Mi) generates M 
as an VFLmodule. 

These conditions imply F{M) C p~^F{Mi), and so are equivalent to the conditions appearing in 
[loc. cit., Definition 2]. If {M, Mi, F) is a Dieudonne IPLwindow then 

Ml = F~^{pM) = {x G M[l/p] : F{x) G pM}. 

If M is a free finitely generated kPCmodule, and F : M[l/p] —J M[l/p] is a (j-semi-linear map 
such that 

— pM C F~^{jpM) C M, and 

— F{F~^{M)) generates M as a VF'-module, 

then F{M) C M and {M,F~^{pM),F) is a Dieudonne VF'-window. 

A Dieudonne kPLwindow is called simply a W'-window when the additional nilpotence con¬ 
dition of [loc. cit.. Definition 3] is satisfied. 

2.1.6 Let S' be a scheme such that p is Zariski locally nilpotent in Os. Set 

5 = S®z,Fp, 
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and denote by a : 5 —)■ S' the absolute Frobenius morphism. 

For a p-divisible group X over S, we will denote by B(X) its contravariant Dieudonne crystal. 
It is a crystal of locally free Og/Zp-modules of rank equal to the height h{X) of X. We refer the 
reader to |Mes72| , |BBM82| , and |d.T95| for background on the construction and properties of the 
Dieudonne crystal. 

The crystal D(X) is equipped with the Hodge filtration 

Fil^{X) = Lie(X)* C B{X)s, 

where ]D)(X )5 is the pull-back of ©(X) to the Zariski site of S; it is a locally free 05 -module 
of rank h{X), and the 05 -submodule Fil^(X) is locally a direct summand. We also have the 
Frobenius morphism 

F : cr*]D)(W) ^ ©(X), (2.1.6.1) 

where the pull-back cj*]D)(X) is dehned as in [loc. cit.]. 

Define crystals 

1 = B(Qp/Zp), 1(-1) = B(^p-), 

and note that 1 is the structure sheaf 05 /Zp with the usual Frobenius structure and Fil^ = (0). 
We often confuse a global section f of a crystal B with the corresponding morphism of crystals 

f : 1 B. 

We define B(X)* to be the 05 /Zp-linear dual with the dual hltration. Note that B(X'^)* = 
B(X)(—1), where X'^ is the dual p-divisible group. There is a Frobenius structure on B(X)* as 
in ()2.1.6.ip but it is dehned dehned only “up to isogeny", i.e. only after we view B(X)* as an 
isocrystal as below. 

We dehne the category of isocrystals over S as follows: 

— Objects are crystals B of locally free 05 /Zp-modules. We write B[l/p] if we view B as an 
isocrystal. 

— Morphisms B[1 /p] —>■ B'[l/p] are given by global sections of the Zariski sheaf Hpm(B, D') [1/p] 
over S, where Hom(B,B') is taken in the category of crystals of locally free 05 /Zp-modules. 

Every quasi-isogeny p : X ---> X' of p-divisible groups over S, in the sense of [RZ961 Def. 2.8], 
induces an isomorphism of isocrystals 

B(p) : B(X')[l/p] ^ B(X)[l/p]. (2.1.6.2) 

The total tensor algebra B(X)® is dehned as the direct sum of all the crystals of locally free 
05 /Zp-modules which can be formed from B(X) using the operations of taking duals, tensor 
products, symmetric powers and exterior powers. It is a crystal of locally free 05 /Zp-modules 
over S. The Hodge hltration on B(X )5 induces a natural hltration Fil*(B(X)|’) on B(X)|’, and 
the Frobenius morphism (I2.1.6.ip induces an isomorphism of isocrystals 

F : a*B{X)^[l/p] ^ B(X)®[l/p]. 

For any quasi-isogeny p : X --4 X' of p-divisible groups over 5, the isomorphism (I2.1.6.2P extends 
to 

B(p) : B(X')®[l/p] ^ B(X)®[l/p]. 

A similar discussion applies to formal schemes S over Spf(Zp), as in |dJ951 Ch. 2]. 
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2.1.7 Suppose X is a formal p-divisible group over a field k' of characteristic p. Again letting W' 
be the Cohen ring of k', the evaluation 

D(X)(1P') = ]^^0{X){W' /p^W') 

of the crystal D(A) on W' has a natural structure of a VP'-window over k'. (Combine the proof 
of [ZinOll Theorem 1.6] with |Zin021 Theorem 6 ].) 

By [ZinOll Thm. 4], the functor X i-A J^{X)(W') gives an anti-equivalence of categories be¬ 
tween formal p-divisible groups over k' and bP'-windows over k'. More precisely, the equivalence 
of [loc. cit.\ uses the covariant Dieudonne crystal, and we compose the functor defined there with 
Cartier duality. 

If k' is perfect, classical Dieudonne theory (or [ZinOll Thm. 3.2]) gives in the same way an anti¬ 
equivalence between (all) p-divisible groups over k' and Dieudonne modules over W' = W{k'). 

2.2 Local Shimura data 

For the remainder of ^ G is a connected reductive group scheme over Zp. The generic fiber 
of G is therefore a connected reductive group over Qp, and is unramified in the sense that it is 
quasi-split and split over an unramified extension of Qp. Conversely, every unramified connected 
reductive group over Qp is isomorphic to the generic fiber of such a G. 

2.2.1 Let {[b], {//}) be a pair consisting of: 

— a G(.A)-conjugacy class {p} of cocharacters p : GmK Gr. 

— a cr-conjugacy class [6] of elements b G G{K). 

Here b and b' are cj-conjugate if there is 5 G G{K) with b' = gba{g)~^. 

We let E G K be the field of definition of the conjugacy class {p}. This is the local reflex field. 
Denote hy Oe its valuation ring and hy kE its (finite) residue field. In fact, under our assumption 
on G, the field E C K is contained in K and there is a cocharacter p : GmE —>• Ge in the 
conjugacy class {p} that is defined over E‘, see [Kot84l Lemma (1.1.3)]. In fact, we can find a 
representative p that extends to an integral cocharacter 

■ GmOE ^ Goe^ ( 2 . 2 . 1 . 1 ) 

and the G(G£;)-conjugacy class of such an p is well-defined. In what follows, we usually assume 
that p is such a representative. 

To the conjugacy class {p} we associate the homogeneous space 

MG,fi = Go e/Pim 

over in which C Gq^ is the parabolic subgroup defined by p. More precisely, is the 
parabolic subgroup such that Pfj, XOe ^ contains exactly the root groups Ua of the split group 
Gw) for all roots a with a ■ p ^ 0. The group Hp VF stabilizes the filtration defined by p in 
any representation of Gw- 

We write p^^ = cr{p) for the Frobenius conjugate of ([2.2.1.11) . 

2.2.2 Definition, (cf. [RV141 Def. 5.1]) A local unramified Shimura datum is a triple (G, [b], {/r}), 
in which G is a connected reductive group over Zp, the pair ([ 6 ], {/u}) is as above, and we assume 

(i) {p} is minuscule, 
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(ii) for some (equivalently, any) integral representative (j2.2.1.ip of {/r}, the u-conjugacy class 
[b] has a representative 


b G G{W)n‘^{p)G{W). 


( 2 . 2 . 2 . 1 ) 


By [RR.961 Theorem 4.2], assumptions (i) and (ii) imply that [b] lies in the set B{GQp,{fj,}) 
of neutral acceptable elements for {p}‘, see |RV141 Definition 2.3]. In particular, {Gq^, [ft],{^}) is 
a local Shimura datum in the sense of |RV14[ Def. 5.1]. 


2.2.3 Definition. The local unramified Shimura datum (G, [6],{/r}) is of Hodge type if there 
exists a closed group scheme embedding l : G ^ GL(G), for a free Zp-module C of finite rank, 
with the following properties: The central torus Gm C GL(G) is contained in G, and, after a 
choice of basis Cqe —t O^, the composite cocharacter 


'n,OE 


top,'. GifYiOE —^ GL. 
is the inverse of the minuscule cocharacter0 

aeAdiag(a(^),l(”-^)) 


for some 1 ^ r < n. 


2.2.4 Definition. Let (G, [6], {//}) be a local unramified Shimura datum of Hodge type. A local 
Hodge embedding datum for (G, [6], {/i}) consists of 

— a group scheme embedding l : G ^ GL(G) as above, I2.2.1.ip . 

— the G(IT)-(T-conjugacy class {gba{g)~^ : g € G(iy)} of a representative 

b G G{W)p^{p)G{W) 

of [b], where p : GmW Gw is chosen to be an integral representative of the G(Ar)-conjugacy 
class {//}. Note that such a representative p is unique up to G(IR)-conjugacy. 

The quadruple {G,b, p,C), where p is given up to G(iy)-conjugation, and b up to G(IR)-cj- 
conjugation, is a local unramified Shimura-Hodge datum. 


By definition, there is a surjection (G, 6, p, C) i—>■ (G, [6], {/r}) from the set of local unramified 
Shimura-Hodge data to the set of local unramified Shimura data of Hodge type. 

Fix a local unramified Shimura-Hodge datum {G,b, p,C), and set D = HomZp(G, Zp) with 
the contragredient action of G. 

2.2.5 Lemma. Up to isomorphism, there is a unique p-divisible group 

Xo = Xo{G,b,p,G) 

over k whose contravariant Dieudonne module is B(Xo)(kF) = Dw with Frobenius F = b o a. 
Moreover, the Hodge filtration 

VDkCDk = B{Xo){k) 
is induced by a conjugate of the reduction pk : Gmfc ^ Gfc. 

Proof. By our assumption on p in Definition 12.2.31 we have p(p)Dw C Dw- Therefore, by 
(I2.2.2.ip. the lattice Dw C Dw\f/p] is R-stable. To determine VDw, write b = h'p^{p)h with 


^The notation a^’’^ means that there are r copies of a. 
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h, h' £ GiW), so that 

VD\y = pF ^D\Y=pa ^{b 

= o~^{h~^ppF{p)~^h'~^Dw) 

= hipp{p)~^h'{^ Dw 

for hi = a~^{h~^) £ GiW). Observe that pp{p)~^Dyy C D\y, and in fact the filtration 

{pp{p)~^Dw)/pDw C Dw/pDw = Dk 
is induced by pk '■ Gk- 

The above calculation shows that VDw C Dw, and that the Hodge filtration VDk C Dk is 
induced by the conjugate hipkhi^ ■ □ 

2.2.6 By [KislDl Prop. (1.3.2)], there is finite list (s^) of tensors Sq, in the total tensor algebra 
that “cut out” the group G, in the sense that 

G{R) = {g e GL(C' Gzp i?) ; g • (s« ® 1) = (sa G 1), Va} 

for all Zp-algebras R. Using the canonical isomorphism G® = H®, the tensors Sa £ G® determine 
tensors 01 £ G® iS>Zp bU. Thus, if Xq is the p-divisible group of Lemma [2. 2. 51 we obtain tensors 

ta,o = Sa G 1 £ I)® fU = D(Xo)(TT)®, 

which are Frobenius invariant when viewed in B(Xo)(bF)® [l/pj. The tensors uniquely deter¬ 
mine morphisms of crystals tap ■ 1 ^ B(Xo)® over Spec(A:), such that each 

t„,o:l[l/p]^B(Xo)[l/p]® 

is Frobenius equivariantjl Here, as before, we denote by 1 = B(Qp/Zp) the crystal determined 
by the Dieudonne module W with F = a. Using Lemma 12.2.51 we easily see that tap{k) £ 
Fil°(B(Xo)(yt)®). 

2.2.7 By |Kot85| . every cj-conjugacy class in G{K) is decent in the sense of |RZ961 Def. 1.8]. By 
|RZ961 Prop. 1.12], any b £ G{K) determines a smooth affine group scheme over Qp with 
functor of points 

MR) = {g ^ G{R GQp K) : gba{gM = H 

for any Qp-algebra R. Up to isomorphism, Jf, depends only on the cj-conjugacy class [b]. 

2.2.8 Let T be the pro-torus over Zp with character group Q. For any Zp-algebra R, an ii-point 
2 : £ T(ii) consists of a tuple 

■2 — (^m € R )mGZ>o 

such that Zm = positive m and d. The character indexed by the rational number s/t 

sends z zf. 

Kottwitz |Kot85j attaches to every b £ G{K) a slope cocharacter 

Vb '■ ^ Gk 

such that for any representation ijj : Gq^ GL(M) on a Qp-vector space M, the decomposition 

Mk = 0 Xf/ 

s/tsQ 


^ Since D(X)® also involves the dual, the Frobenius is not dehned on D(X)®, but only on D(X)®[l/p]; see iJ2.1.6l 
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of Mk determined by the cocharacter : Tk —> GL(Mx) agrees with the slope decomposition 

of the isocrystal (Mk, ipib) oa). The slope cocharacter depends only on the cr-conjugacy class [6]. 

An element b € G{K) is basic if its slope cocharacter factors through the center of Gk- By 
|Kot85| . b is basic if and only if the group is an inner form of G. 

2.3 Rapoport-Zink formal schemes and functors 

In this paragraph we define Rapoport-Zink formal schemes and functors associated to a local un¬ 
ramified Shimura-Hodge datum (G, 6, /r, G) as defined in H2.‘2[ We start by recalling the definition 
of some “classical” Rapoport-Zink functors. 

2.3.1 Suppose that Xq is any p-divisible group over k. The Rapoport-Zink space RZ(Xo) of defor¬ 
mations of Xq up to quasi-isogeny is, as in [R.Z96] . the formal scheme over Spf(iy) that represents 
the functor assigning to each scheme S in Nilp^y the set of isomorphism classes of pairs {X, p) in 
which 

— X is a p-divisible group over S, 

— p : Xq y-k S X Xs S is a quasi-isogeny, where S = S k. 

Suppose now that Xq comes with a principal polarization Aq : Xq — > Xq . The symplectic 
Rapoport-Zink space RZ(Xo,Ao) is the formal scheme over Spf(IT) that represents the functor 
that assigns to each S in Nilp 5 .y the set of isomorphism classes of triples {X, A, p) in which 

— X is a p-divisible group over S, 

— A : X —y X'^ is a principal polarization, 

— p : Xq Xk S X Xs S is a quasi-isogeny that respects polarizations up to a scalar, in the 
sense that, Zariski locally on S, we have 

p'^ o Xo p = c~^{p) -Ao, 

for some c{p) £ Qp . 

By [loc. cit.] the formal schemes RZ(Xo) and RZ(Xo, Aq) are formally smooth and locally formally 
of finite type over W, and forgetting the polarization defines a closed immersion RZ(Xo,Ao) —)■ 
RZ(Xo). 

2.3.2 Suppose that (G, b, p, G) is a local unramified Shimura-Hodge datum. Choose tensors (sq) 
that cut out G as in ^2.2.61 Denote by 

Xo = Xo(G,6,^,G) 

the corresponding p-divisible group over k of Lemma [2. 2.5 1 with its Frobenius invariant crystalline 
tensors {ta,o)- 

2.3.3 Definition. Consider the functor 

RZg'-> = ^ ANilp„. ^ Sets 

that assigns to each R £ ANilp^ the set of isomorphism classes of triples (X, p, (to)) in which 

— (X, p) consists of a p-divisible group over Spec(R) and a quasi-isogeny 

p : Xq <Zik R ^ 

with R = R/pR, as in the definition of the Rapoport-Zink formal scheme RZ(Xo), 
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— the collection (t„) consists of morphisms of crystals to, : 1 —)■ ©(X)® over Spec(-R) with 
ta ■ l[l/p] ^ 1D)(X)® [1/p] Frobenius equivariant, 

satisfying the following properties: 

(i) For some nilpotent ideal J C R with p £ J, the pull-back of ta over Spec(i?/J) is identihed 
with ta,o under the isomorphism of isocrystals 

D(p) : OiXR/jf[l/p] ^ D(Xo Xfc i?/J)®[l/p] 

induced by the quasi-isogeny p. 

(ii) The sheaf of Gw-sets over CRIS(Spec(i?)/iy) given by isomorphisms 

that respect the tensors as indicated, is a crystal of Gw-torsors, i.e. a crystal fppf locally 
isomorphic to the crystal dehned by Gw- 
(hi) There exists an etale cover {Ui} of Spec(-R), and for each i an isomorphism 

^ D Oui 

of vector bundles respecting the tensors ta and Sq G1 as in (ii), such that the Hodge filtration 

Fil^(X;7,) C D(X[/,)[/, ^ D Gzp Oui 
is induced by a cocharacter that is G(17j)-conjugate to p. 

Two triples (X, p, {ta)) and (X',p', (t^)) are identihed if there is an isomorphism X ^ X' of 
p-divisible groups that respects the rest of the data in the obvious manner. 

Above, CRIS(Spec(i?)/lT) denotes the big fppf crystalline site of Spec(i?) over (W, (p), 7) with 
7 the natural PD-structure, as in |BBM82l 1.1]. Condition (ii) implies that, for any nilpotent PD 
thickening R' —)■ i? of R, the Spec(R')-scheme of isomorphisms of hnite locally free R'-modules 

Tr! = Isqm^/_j^(^/)^^^^;L(B(X)(R'), R R) 

is a Gfl'-torsor. 

2.3.4 Remark. There is a distinguished point 

a^o = (^o,/5o, (ia,o)) e RZ“^P(A:), 
dehned by taking po to be the identity quasi-isogeny Xq --•> Xq. 

2.3.5 Remark, a) Suppose (p) <Z J' <Z J with J' also nilpotent. Then a power of the Frobenius 
of R/ J' factors through R/J. Since ta are Frobenius equivariant we obtain that condition (i) is 
independent of the ideal J. In particular, we can simply take J = (p). 

b) Conditions (ii) and (iii) together imply the following: The Spec(R)-scheme of R-linear 
isomorphisms 

D(X)(R) ^R 0 z^R 

identifying ta{R) with Sa <S> 1, and identifying the Hodge hltration Fil^(X) C D(X)(R) with 
standard hltration 0w R C D R dehned by p, is a Xw R-torsor. 

c) For R in ANilp^, the categories of p-divisible groups over Spf(R) and over Spec(R) are 
naturally equivalent, by [dJ95l Lemma 2.4.4]. For R in ANilp^, the argument in the proof of 
|d,T95[ Prop. 2.4.8] shows that each morphism of crystals : 1 —B(X)® over Spf(R) is induced 
by a unique morphism of crystals : 1 —>■ B(X)® over Spec(R). 
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d) For R of finite type over k, we will see that it is enough to verify (i) over one closed point 
of each connected component of Spec(ii); see Lemma 13.2.81 and its proof. 

2.3.6 Define a functor RZ^™ on ANilp^ by setting 

RZ|“(A)=lm^RZ“'P(A//'^), 
where I is an ideal of definition of A. 

Assume that I is chosen with p ^ I. By Remark (c) above and the rigidity of quasi-isogenies 
|Dri76) . we see that elements of RZ^“(A) correspond to isomorphism classes of triples (A, p, (ta)), 
in which A is a p-divisible group over Spec(A), 

p : Ao Xfc A/I —4 A xa A/I 

is a quasi-isogeny, and ta a morphism of crystals over Spec(A), such that (i), (ii), and (iii) above 
are satisfied. The definition is independent of the choice of I. 

Since any object A of ANilp^ is also an object of ANilp^, it makes sense to consider 
RZg*^(A). We will rarely do this unless A is discrete, in which case 

RZ“^P(A) = RZ|”(A). 

The difference between RZg™(A) and RZg*P(A) is that, in the former, we ask that the quasi- 
isogeny p only exists over A/1, with I an ideal of definition of the adic algebra A. For A in 
ANilp^ it will often be the case that RZg*P(A) = 0, while RZg“(A) ^ 0. 

2.3.7 The closed immersion i ■. G ^ GL(C') induces an injective homomorphism from the group 
JbiQp) into the group AutQp(Ao) of quasi-automorphisms of the p-divisible group Aq, i.e. of 
automorphisms of Aq up to isogeny. In addition, we can see that the induced action of Jb{Qp) 
on D(Ao)(VF)'^[l/p] preserves the tensors tafi- Therefore, the group Jb{Qp) acts on the functors 
RZj^‘^P and RZg™ on the left by 

9 ■ {X, p, (ta)) = {X,po (ta)). (2.3.7.1) 

2.4 Field valued points and affine Deligne-Lusztig sets 

We now introduce some refined affine Deligne-Lusztig sets, and show that these can be used to 
parametrize the set RZg*P(A:^) for any finitely generated field extension k'/k. 

2.4.1 For G, b and p : Gmw Gw as in the beginning of ii2.2.1l the “classical” affine Deligne- 
Lusztig set is 

XG,bA^) = {<7 G G{K) : g-^ha{g) G G{W)p{p)G{W)]/G{W). 

We will define an analogous set for any extension field k'/k. 

Let W be the Cohen ring of k' , let K' = lT'[l/p] be its fraction field, and let a : W W 
be a lift of the absolute Frobenius as in 32.1.41 Consider the set 

{g G G{K') : g-^ha{g)p{p)-^ G G{W')], (2.4.1.1) 

and define 

Q^{W') = G{W')np-~\p)-^G{W')p^~\p), 
the intersection taking place in G{K'). 
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The right translation action of Q^{W') on G{K') preserves (12.4.1.11) . Indeed, if g € Q^{W') 
and g belongs to f|2.4.1.ip . then Ug = g~^ba{g)g,{p)~^ belongs to G{W'), and hence so does 

{gq)~^ba{gq)p{jp)~^ = q~^ g~^ba{g)a{q)p{p)~^ = q~^Ugp{p)a{q)p{p)~^. 

Thus gq belongs to (12.4.1.11) . 

2.4.2 Definition. The refined affine Deligne-Lusztig set is the quotient 

= { 9 ^ G{K') : g-^ha{g)p{p)-^ € G{W')]/QffiW'). 

Similarly, we have the naive affine Deligne-Lusztig set 

= {5 e G{K') : g-Ha{g) G G{W'ffi{p)G{W')]/G{W'). 

For simplicity, we will often omit a from the list of subscripts. However, we do not know if 
the set XG,b,iJ,,aik') is independent of the choice of the lift of Frobenius a. 

2.4.3 Proposition. The refined affine Deligne-Lusztig sets have the following properties. 

(i) Sending gQgiW') to gGiW') defines an injection 

m : XG,bAk') ^ X^j;^{k') C G{K')/G{W'). 

If k' is perfect, then fi{k') is a bijection. 

(ii) Ifb' is a-conjugate to b, say b' = h~^ba{h) with h G G{K), then g hg defines a bijection 

XG,b',tJ.{k') XG,b,ti{k')- 

(hi) If k' is perfect, then g i-A a~^{b~^g) defines a bijection 

XG,b,^i’^{k') X). XG,b,^i{k'). 

Proof. We hrst show (i). The condition for g in the refined notion is stronger then the condition 
in the naive notion; since Qg{W) C G{W') the map is well-defined. It remains to show that it is 
injective. Let g, g' G G{K'), and assume 

Ug:=g-%a{g)ffip)-^ €G{W') 

Ug, ■.= g'-ha{g')pip)-^ eG{W'). 

Suppose there is an /i G G{W') such that g' = gh. Then we obtain 

Ug, = hr^ g~^ha{g)a{h)p{p)~^ = h~^Ugp{p)a{h)p{p)~^. 

As h~^Ug and Ug, are in GiW'), we see that the element 

p{p)a{h)p{p)-^ = a{ffi^~\p)hp'^~\p)~^) G G{K) 

actually lies in G{W'). Since a : Wjp^W' Wjp^'W is injective for all i, and G is affine and 

flat over Zp, this implies that 

G G(W'). 

It follows that h G Qg(W'). This shows the injectivity of the map (f){k'). 

Now suppose that k' is perfect so that makes sense on W = W{k'). If 5 G G{K') is 
such that g~^ba{g) = hip^{p)h 2 with hi G GiW'), then g' = g(J~^{h 2 )hi satisfies the refined 
condition. Hence 4>{k') is surjective. 
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Part (ii) is routine. To show part (iii), observe that for h = a ^{b ^g), we have 
h~^ba{h) = a~^{g~^b)bb~^g = a~^{g~^)a~^{b)g = a~^{g~^ba{g)) 
and the result follows. □ 

2.4.4 Suppose t : G ^ GL„ is a closed immersion of group schemes over Zp, and set u = lo g, : 
Gmw GL^^vf- For P = 0 "“^ G Aut(bP), we have 

G{W') = G{K') n GL„(fP'), 

and 

g^{p)-^G{W')g^{p) = G{K') n {p)-^Gl.n{W')u^{p), 

the intersections taking place in GL„(iP'). The imbedding t then induces injections 

G{K')/G{W') -A GL4R')/GL„(fP'), 

and 

G{K')/Q^{W’) -A Ghn{K’)/Q^^-{W’). 

Moreover, g G G{K') satisfies g~^ba{g)g{p)~^ G G(W') if and only if L{g) G GL„(R'') satisfies 
the corresponding condition with {G,b,g) replaced by (GL„, t(6), zy). It follows that l defines an 
injection 

2.4.5 We now return to the set up of ^2.31 Assume that {G, [6], {//}) is an unramified local Shimura 

datum of Hodge type. Fix a corresponding local Shimura-Hodge datum (G, b, g, C) and a set of 
tensors (sq) that cuts out G C GL(C). We then have the functor as before. 

Fix a point 

{X,p, (t„)) G RZ“'P(fc'). 

Consider the value M = D(A)(VF') of the crystal D(A) on the Cohen ring W' of k', viewed 
as a PD-thickening of k'. We have the tensors ta{W') G M®, which are Frobenius invariant in 
M®[l/p], and the quasi-isogeny p, which induces an isomorphism 

B(p) : M[l/p\ ^ Mo [1/p] 

such that D(p)(tQ(IF')) = ta,o(bF) ® 1, by (i) of Definition 12.3.31 

2.4.6 Lemma. Under these assumptions, the scheme 

T = Isom^y/^^^(-^/) D GiZp W) 

is a trivial G^y-torsor over Spec(bF'). 

Proof. Note that T is an affine finite type VF'-scheme carrying an action of the group scheme 
G'\y. We will first show that T is a G^-torsor over Spec(kF'). 

For any m ^ 1, we have the nilpotent PD thickening W'jp^W —>■ k'. Therefore, by condition 
(ii) in the definition of RZ/l^^, the base change T x^' Wjp^W is a G x^p W/p^W'-iorsor. It 
follows from the local criterion of flatness that T is VFLflat and hence also faithfully flat (since 
the special fiber is non-empty). Since G acts transitively on the points of T it now follows that T 
is a (fppf locally trivial) G(y-torsor over Spec(IF^). Since G is smooth, the torsor T splits locally 
for the etale topology of Spec(iy'). 


19 





Benjamin Howard and Georgios Pappas 


We can easily see that the generic fiber T Xi^i K' is a trivial Gx'-torsor with a section 
constructed using a composition of ]D)(/ 9 )(W') with the identification D(Xo)(W') = W. By 

[Nis82l Theorem 5.2] (a very special case of a conjecture of Grothendieck), which applies since G 
is quasi-split, T is a trivial torsor. □ 

2.4.7 We now describe RZg^^(A:') in terms of a refined affine Deligne-Lusztig (ADL) set. The 
following may be standard, but we could not hnd a reference. 

2.4.8 Proposition. Suppose that k'/k is a finitely generated held extension and denote hy W 
the Cohen ring of k'. There exists a lift of Frohenius a : W —>• W with the following property 
We can write k' = lin^ R, where R are hnitely generated smooth k-algehras, each having a hnite 
p-basis, such that for each R that appears in the limit there is a W-hat formally smooth p-adically 
complete and separated lift R of R with R C W' lifting R ^ k' which is such that cr{R) C R. 


Proof. Suppose that i? is a finitely generated smooth fe-algebra which is a domain and is such that 
k' is the fraction field of R. By replacing i? by a localization we can assume that the differentials 
fdjijf. are a free i?-module of rank equal to the Krull dimension of R] let dxi, i = 1,... ,d, be 
an i?-basis of fln/k- this situation, the absolute Frobenius cfji ; i? —)• i? is injective and makes 
R into a finitely generated i2-module. Therefore, by [Gro641 Ch. 0, Prop. (21.1.7)], the tuple 
(xj) with f = 1,... ,d is a system of p-generators of R over k, i.e. R = k[RP, (x,)]. In fact, we 
can easily see that, since dxi are i?-linearly independent, the Xj are p-independent (c/. [MatSOl 
p. 276]). Therefore, the xfs form a p-basis of R over k. 

If we start with a p-basis (x,) of k’, then |Mat80l Theorem 86] implies that (dxj) are a basis 
of the /c'-vector space If R C k' is any smooth finite type A:'-algebra with k' = Frac(ii) 

such that Xi £ R and (dxj) generate ^R/ki then, by the above, (xj) also provide a p-basis of R. 

Since k is perfect, we can write k' = lin^ R, where R is as above. Now, as in |BM901 §1.1], 
using the p-basis (x^) we obtain a concrete construction of the Cohen ring 

W' = ^An{k'), 

n 


and of a kF-flat lift 


R = ^im An{R) 

n 

of R. Here An{R) and An{k'), are certain subrings of the truncated Witt vector rings Wn{R) and 
Wn{k'). By [loc. cit.], sending Xi £ R to Xi £ k' gives ring homomorphisms in : An{R) An{k'). 
Since R ^ k' is injective, An{R) An{k') is injective, and so also i : R ^ W' is injective. Recall 
that, by |BM901 Prop. 1.2.6], a lift of Frobenius on An{R), resp. Wn{k'), is uniquely determined 
by giving (arbitrary) lifts yi^n G An{R), resp. An{k'), of all the elements x^. Therefore, we can 
choose this way lifts of Frobenius on R and W' that are compatible under i : R ^ W'. □ 


2.4.9 Let (G, b, p, C) be a local unramified Shimura-Hodge datum as in Definition 12.2.41 and let 
(scf) be tensors in C® that cut out G C GL(G), as in 32.2.61 

Let k'/k be a finitely generated field extension, and suppose that the lift a : W' W' of the 
Frobenius is chosen as Proposition 12.4.81 Suppose also that the Dieudonne module structure on 
Dyv determined by t( 6 ) G GL(Gvi/) has no zero slopes (equivalently, the base point p-divisible 
group Xq over k defined in Lemma 12.2.51 is formal). 

2.4.10 Theorem. Under the above assumptions, there are natural bijections 

TT : hm^RZ“'P(R) ^ RZ^^P(k') ^ XG,b,f,yAk') 
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where the limit over R is as in Proposition \2.4.8\ above. 

Proof. Let Xq be the p-divisible group of Lemma 12.2.51 and recall that RZ(Xo) is the (undec¬ 
orated) Rapoport-Zink formal scheme from 32.3.11 Notice that {X, p,(to,)) ^ defines an 

injection RZg*^(A:') ^ RZ(Xo)(A;'), as is determined by ta{W'). 

Similarly, RZg*^(ii) injects to RZ(Xo)(i?). Indeed, is determined by ta{R), and, as R is 
torsion-free, ta{R) is determined by 

ta{R)[l/p\ = ]D)(p)“^(ta,o[l/p])- 

Since RZ(Xo) is formally locally of finite type over W, we have 

RZ(Xo)(A:') = hi^RZ(Xo)(R), 

R 

and so lin^ ^RZ)i)'^(R) 

Pick a point x = {X, p, (ta)) € RZq*^(A:'), and consider the value M := Ii{X){W') of the 
crystal B(X) on W', endowed with the tensors ta{W') G M®. By Lemma 12.4.61 the scheme 

Tx = D W) 

is a trivial G-torsor over Spec(kL'). 

\i k' = k and x = xq is the base point of Remark 12.3.41 then there is an isomorphism 

/3o : Mo := B(Xo)(IR) ^ D 

with (5^{tafliW)) = Scf® 1 and we can use this to identify Mq = W. In general, the generic 

fiber of has a section constructed using B(/?) and /3o. Since the G-torsor is trivial there is 
: M ^ D't^ such that l3®{ta{W')) = Sq, 0 1. Using B(/9) we can identify 

Mq = Mq K' = D (8>Zp K' 

and therefore think of M C Mq as a kU'-lattice in Mq^v/K' = D^ZpK' . Under this identification, 
the choice of /3 is equivalent to picking g G G{K') such that M = g ■ {D ®ip W); then /? is given 
by left multiplication by g~^. Notice that the coset gG{W') is independent of the choice of /3o 
and (3 and so we have a well-defined map 

RZ“^P(U) ^ G{K')/G{W') 

given by (X,p, (t„)) ha gG{W'). 

By Zink’s theory, as in 32.1.51 (see especially [ZinDll Theorem 4]), and using the inclusion 

RZ“^P(A:') C RZ(Xo)(A:'), 

we see that the kU'-lattice M C Mq ^^[1/p] uniquely determines the point {X, p,(to,)) G 
RZg*^(A:'). On the other hand, 

M = g ■ (Mq <8>vf W') C Mq IU^[I/p] 

is uniquely determined by gG(W'), and so this construction gives an injection 

TT : RZ“'P(A:') -A G{K')/G{W'). 

We have to show that the image of this injection is exactly the refined ADL set Aic” ,^(A;'). 

This amounts to showing that M is the IRLwindow corresponding to a point in RZg^^(A:') if 
and only if we can pick g G G{K') such that M = g- {Mq®\yW) and g~^ba{g) {p)~^ G G(IU'). 
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Suppose that M indeed corresponds to the point x € RZg^^(A:') as above. Then 

B{X){k') = M k' = M/pM 

with Hodge filtration given by Fil^(X) = Mi/pM C M/pM. Since the Hodge filtration is a 
G-filtration of type p by Definition 12.3.31 liiil. we can pick a trivialization /3 : M/pM —> that 

preserves the tensors [i.e. a ^'-section of the trivial torsor above), and such that 

Mi/pM C M/pM ^ D'^ 

is actually the filtration given by p. (Indeed, since Gw is split, the quotient morphism Gw 
Gw/Pfi splits locally for the Zariski topology over W. Therefore, G{k') acts transitively on the 
set of G-hltrations of D'f, of type p.) By Hensel’s lemma, we can lift P to /3 : M —)• Then 
j3{Mi) = pp{p)~^D'y^. As before, [3 corresponds to 5 G G{K') such that 

M = g ■ (Mo ®w W) = g ■ D'^ 

and then /3 is multiplication by g~^. Hence, 

M = 9-Dw^ Ml = g ■ Pp{p)~^D[y. 

The quadruple (M, Mi ,F = b o a) defines a IT'-window if and only if the IP'-submodule 
{p~^F{Mi)) of M[l/p] generated by p~^F[Mi) is equal to M. Indeed, if {M,Mi,F = b o a) 
is a IT'-window this condition follows from the definition in 92.1.51 Conversely, assume that 
{p-^F{Mi)) = M. Then 

pM C Ml C F~^{pM) C M 

and {F{Mi)) = M = {F{F-^{pM))). Hence Mi = F-^{pM), and then (M,Mi,F = b o a) 
gives a IT'-module by the observation in 92.1.51 (the nilpotence condition also follows by a slope 
argument). 

The condition that {p~^F{Mi)) = M reads 

{p~^ba{gpp{p)~^ ■ D 0Zp W')) = g ■ {D IT'), 

which translates to 

{g-^ba{g)p%p)-^ ■ {D ^^(IT'))) = D Gz, W'. (2.4.10.1) 

Set u = gba{g)p^{p)~^ G G{K'). Since 

{h • {D a{W'))) =h- {D Gzp fR'), 

for any h G GL„(A''), the equation (12.4. 10. ip above amounts to tt G GL„(IT'). We obtain that 
u is in G{W') = G{K') n GL„(IT'), and thus g G ,a{k')- Therefore, the image of vr is 

contained in Xc^b,^'^,a{k')- 

Let us now discuss the converse. Start with g G Xc,b,ii'^,a{k'), and set 

M = g-Dw, Ml = gpp{p)~^ ■ D{y. 

By the argument above, (M, Mi, boa) is a IT'-window. By Zink’s theory, there is a corresponding 
p-divisible group X over k' with a quasi-isogeny p : Xq x^k' --4 X, and {X,p) gives a fc'-point 
of the Rapoport-Zink space RZ(Alo)- 

Since the underlying reduced scheme RZ(Ao)’'®‘^ is locally of finite type, we can find a smooth 
domain R over k as above with k' = Frac(i?) and a p-divisible group with quasi-isogeny (Xr, p^j) 
over R that extends (A, p). By replacing i? by a localization we can further assume that R has 
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a lift R such that (j{R) C R and that D(Xj:j)(ii) is i?-free. We have 

D(X/j)(R) IV' ^ D(X)(W') = g-{Mo^w W'). 

We will now produce a corresponding R-valued point (ta)) of For this, we will 

construct a morphism of crystals ta '■ 1 —>■ such that : 1 —)■ D(X/j)®[l/p] are Frobenius 

invariant and then check that ta satisfy (i), (ii) and (iii) of Definition 12.3.31 

By |BM90[ Prop. 1.3.3] or [d.T951 Cor. 2.2.3], to give ta as above, it suffices to give ta{R){^) G 
which are horizontal for the connection and are Frobenius invariant in D(X/j)(i?)®[l/p]. 
Consider the images ta of the “constant” tensors 1 under the isomorphism of isocrystals 

D(p)-i : n{Xo,Rf[l/p] ^ D(X^j)®[l/p] 

induced by the quasi-isogeny p. Since p is defined over i?, we obtain ta{R) G [1/p]. 

However, since g is in G{K'), we actually have ta{R) = Sq ® 1 in 

M®[l/p] = B(Xrj)(R)® iy'[l/p] 

and these lie in 

M® = B(Xjj)(.R)® W'. 

Since D(Xr)(R) is R-free and R[l/p] D W = R, we can see that our tensors ta{R) = Sc 1 
lie in B(X/j)(R)®. They are horizontal and Frobenius invariant since this is true over W', and 
R C W. Moreover, conditions (i), (ii) and (ii) can now be seen to be satisfied after possibly 
further localizing R. We have now produced an R-valued point in RZ]])*^. 

These two constructions are inverses of each other. This shows that RZg^’’(R) = RZ/1*^(A:') 

and the image of vr is □ 

2.4.11 Remark. Observe that RZg™(R) = RZg^^(R), and so Theorem 12.4.101 also gives 

lii^^RZ|“(R) 

This will be important for the application to Rapoport-Zink formal schemes. As we will see, these 
are defined via the functor RZ^™ which can be evaluated at R as above but not at k'. 

We can directly obtain a bijection RZg^^(A:') —> without assuming that k'/k is 

finitely generated, by a simpler version of the above argument. 


3. Shimura varieties and representability 

3.1 Integral models of Shimura varieties of Hodge type 

Here, we recall results of |Kis ini about integral models of Shimura varieties of Hodge type. We 
actually follow the set-up of |Kisl3l (1.3)], to which the reader is referred for more details. 

3.1.1 Let (G, R) be a Hodge type Shimura datum in the sense of |Del79[ . so that G is a connected 
reductive group over Q and R = {/i} is the G(M)-conjugacy class of a Deligne cocharacter 
h : Resc/jjGm —t Gr. Define ph '■ ^mc Gc, as usual, by ph{z) = hc{z,l). The reflex field 
R C Q C C is the field of definition of the conjugacy class {ph}- 

The condition of Hodge type means that there is an algebraic group embedding 

r:G-AGSp2 g (3.1.1.1) 

over Q inducing a morphism of Shimura data (G, R) —)• (GSp 2 g,R 2 g)- Here R 2 g is the union of 
the usual Siegel upper and lower half-spaces of genus g. The composition Lopf^ is conjugate to the 
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standard minuscule cocharacter /istd ^ ^ GSp 2 g given by /Jstd(®) = diag(aG), As G(M) 

contains the image of the weight homomorphism Wh, we see that G has to contain the torus of 
scalars (diagonal matrices) of GSp 2 g- 

We assume that G extends to a connected reductive group over which we again denote 
by G. As in |K is M Lemma (2.3.1)], this implies that there is a rank 2g symplectic space {C,'tp) 
over and a closed immersion l : G ^ GL(C') of reductive groups over whose generic 
fiber factors through the subgroup GSp(C'q,V^) C GL(C'q) and induces (Id.l.l.ip after fixing an 
identification GSp(C'q,^) = GSp 2 g. By Zarhin’s trick, after replacing G by Hom^^^j (C, C)®^ 
and enlarging g, we may assume that C is self-dual with respect to '0. We then have a closed 
immersion of reductive group schemes 

t : G-A GSp(G, V’) (3.1.1.2) 

over Z(p) with generic fiber (I3.1.1.ip . 

As in (I1.1.1.3P let D be the G-representation contragredient to G. By [loc. cit.] there is finite 
list (sa) of tensors Sa € G® = that cut out G C GL(G), in the sense that 

G{R) = {g e GL(Gij) : g ■ {sa ^ 1) = (s^ 0 1), Va}. 

for all Z(p)-algebras R. In particular, G{W) = G{K) PI GL(Gw)- In what follows, we take the set 
of tensors (s^) to always include the tensor corresponding to the perfect symplectic form see 
the proof of Theorem 13.2.11 below. 

A choice of field embedding K determines a place v \ p of E. The completion Ey is the 
field of definition of {ph}, now regarded as a G(.^)-conjugacy class of cocharacters GmR ^R- 
Let 

Sh[/p(G', "H) = lim ^,p Sh.uPUp{G,R) 

be the canonical model over E (Z K of the corresponding Shimura variety for the hyperspecial 
subgroup 

Up = G(Zp) c G(Qp). 

Here the limit is over compact open subgroups of G(Aj). 

3.1.2 For a Z(-p)-scheme S and an abelian scheme A ^ S' we set 

Ta^(A) = lm^^A[n], 

viewed as an etale local system on S, and write 

TaP(A)Q = TaP{A) Gz Q. 

Consider the category obtained from the category of abelian schemes over S by tensoring the 
Horn groups by Z(p). An object in this category will be called an abelian scheme over S up to 
prime to p-isogeny. An isomorphism in this category will be called a p'-quasi-isogeny. Note that 
Ta^(A)Q is functorial for p'-quasi-isogenies. 

If A is an abelian scheme up to prime to p-isogeny, we write AA for the dual abelian scheme 
up to prime to p-isogeny. A weak polarization of A is an equivalence class of p'-quasi-isogenies 
A : A —>■ A^ such that some Z^^-multiple of A is a polarization. Here two such A are equivalent 
if they differ by multiplication by an element of 

Let U'P C GSp 2 g(Ap be any compact open subgroup, let 

G; = GSp(G,V^)(Zp)cGSp2,(Qp) 


24 












Rapoport-Zink spaces for spinor groups 


be the hyperspecial subgroup determined by the self-dual symplectic space {C,'tp) over Z(p), and 
set 

U' = U'm; C GSp2p(A;). 

Assume {A, A) is an abelian scheme up to prime to p-isogeny with a weak polarization. A 
U'P-level structure on (A, A) is a global section 

e^, er(5, W(C0 AP,TaP(A)Q)/C/'P). 

Here Isom fC ® A^, Ta^(A)Q) /U'^ is the etale sheaf on S of [/'^-orbits of isomorphisms 

C 0 A^ ^ TaP{A)Q 

identifying the symplectic pairings induced by ijj and A, up to a (Aj)^-scalar. 

For U'P sufficiently small, the functor that assigns to S the set of isomorphism classes of triples 
(A, A,e^,) as above, is representable by a smooth Z(p)-scheme whose generic fiber 

■^g,U' Q —> Sh;7/(GSp2p, ?^2c/) (3.1.2.1) 

is identified with the Siegel Shimura variety; see |Kot92) . We will always assume that is 
sufficiently small in what follows. 

3.1.3 Let us denote by A^u^{G, T-L) the canonical smooth model over of fh® Shimura variety 

UP 

constructed in |Kis m for the hyperspecial subgroup Up = G{'Lp). Thus 

UP 

where for sufficiently small subgroups Uf C f/f G{h?^) the transition morphism 

u^U-piG, V.) ^ yjPUpiG, T-L) 

is finite etale. In fact, for U = UpU^ with sufficiently small, the integral model yu{G,'H) is 
smooth over Oe^(v)i is constructed as the normalization of the Zariski closure yu{G,'H)~ of 
the image of the morphism 

Sh;7(G, "H) —)■ Sh[7/(GSp2p, ?^2c/) Gq E yg,U' Ge^{v) 

induced by f|3. 1.1.211 and (13.1.2.111 for a suitable choice of level structure U''^. In particular, there 
are finite morphisms 

,: yjjiG^n) yjj{G^n)- ^ 

where now we suppress the level structure U' on the Siegel space from the notation. This should 
not lead to confusion, as the particular choice of level U' will play little role in our arguments. 

3.1.4 Now let us pick a point xq G yu{G,'H){k). Gonsider the contravariant Dieudonne module 
D(Ao)(VF) of the p-divisible group Xq = Axq\p°°] of the abelian scheme Ax^ over k determined 
by the point l{xq) G s^gik). By [KislOl Cor. (1.4.3)], there are crystalline tensors 

tafl = tZfl € B(Xo)(W)^ 

that are fixed by the action of Frobenius on B(Xo)(kF)[l/p], and satisfy 

t„,o(fc) G FilO(D(Ao)®(fe)). 
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By \loc. cit.\, there is an isomorphism of VP-modules 

/3o : I) VP ^ D(Xo)(fP) 

identifying Sq, G 1 with tafl. After choosing such an isomorphism, the Frobenius on D(Ao)(VF) 
has the form F = bxQ o a for some hx^ € G{K). 

Consider the Hodge filtration 

Fil\Xo) cn{Xo){k) ^Rl^iAxJk). 

By (K islDl Cor. (1.4.3) (4)] this filtration is given by a Gfc-valued cocharacter, and we pick any 
lift to a cocharacter 

fixQ • GixnW -J Gw 

By the argument in the proof of [Kisl3l Lemma (1.1.9)] the G(VF)-conjugacy class of is 
independent of the choice of /3o- In fact, any such cocharacter satisfies 

bx, € G{W)^^‘^xMG{W), 

and lies in the G(A)-conjugacy class defined by (see |Kisl3l (1.1.9)]), whose local reflex field 
is Ex C K. 

In this way, each point xq G 5^Up{G,Ti.)[k) produces a local Shimura-Hodge datum, which, 
for ease of notation, we abbreviate to 

{G,b,n,C) = {Gzj,,bxo, iJ^xo^Czp)- (3.1.4.1) 

Note that the p-divisible group of Lemma 12.2.51 is Xq = Ax^lp'^]. 

For the rest of ^ we fix the local Shimura-Hodge datum (13.1.4.111 given by a point xq G 
S^Up{G,T-L){k) by the above procedure. We also fix the tensors Sa G C® = D® cutting out the 
subgroup G C GL(C'). It is essential in what follows that both the local Shimura-Hodge datum 
{G,b, fi,G) and the tensors (sq.) arise from a global point xq G ^Up{G,'H){k), and from tensors 
defined on C, not just on Czp- 

3.1.5 As the Shimura datum [G,'H) will remain fixed, in what follows we will often abbreviate 
or just instead of F^u{G^'H). We will also often write A^Up instead of A^jjp{G,T-L). 

Let f : A ^ he the universal abelian scheme over A^, and denote by 

f:A^y 

the corresponding morphism of smooth formal schemes over Zp obtained by p-adic completion. 

We have the crystals ]D)(A'^“'") and ©(A”^'")®, and Frobenius isocrystals D(A““'')[l/p] and 
D(A““'')®[1/p], over A^, where = A[p°°] is the p-divisible group of the universal abelian 

scheme. By |BBM82) . we have 

D(A"“") = R7cris,.0;i/2^, 
and there is a natural isomorphism 

BdR(^/'^) ^ (B /cris,*Cl^/2p).^ 

of coherent sheaves O ^modules, where the left hand side is the first relative de Rham cohomology 
of A, and the right hand side is the pullback of the crystal to the Zariski site. 

By jKislOl Cor. (2.3.9)], there are de Rham tensors 

O ^ 1 ^ n;p,(J/io®, 
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which are horizontal for the Gauss-Manin connection. Since is smooth over Zp, we obtain 
-morphisms 

of crystals over 5^. By the construction in |Kis m, the tensors restrict to ta^o by pulling 
back via xq : Spec(A:) —>■ and 

C"[l/p] : 1 [1/p] [1/p] 

are Frobenius equivariant. 

3.1.6 Recall from ^2.2.li the homogeneous space 

MG,fi ®Oe,v ^ ^ Gw/Pp. 

over W, where C G]y is the parabolic subgroup defined by p : Gmw Gw- Denote by 
= Uq the unipotent radical of the opposite to parabolic subgroup of Gw and by Uq 
the formal completion of Uq at its identity section over W. Then Uq^ can be identified with the 
formal completion of ®Oe ^ section given by 1 • P^/P^. 

Let R = be the completion of the local ring of S^w at xq. By [KislOl Prop. (2.3.5)] 

and its proof, we may identify Spf(P) with and identify R = LF|xi,..., in such a way 

that the LF-point given by xi = • • • = x^ = 0 has Hodge filtration given by In fact, by a 
result of Faltings |Fal99| . we see, as in [KislOl (1.5)] (see also |Moo98| §4), that this identification 
can be chosen in such a way that the Dieudonne crystal of the universal p-divisible group 
with its tensors ta over R is 

D(X"“")(P) = B(Xo)(LF) ®wR = D <S>z, R, 

(as P-modules) with filtration 

Fiii(jss:univ) ^ Fili(Xo) Gru R, 

and ta = ta,o <8> 1 = Sq (8> 1, while the semi-linear Frobenius 

P : B(X"“^)(P) ^ B(X"“'')(P) 

is given by P = u • (bxQ G </>r). Here u is the universal P-point of the completion of 

the unipotent subgroup Uq'^^ at the identity section and (pji is the lift of Frobenius such that 
4>R{Xi) = xf- 

3.2 A global construction of Rapoport-Zink formal schemes 

A more general version of the following representability result appears in work of W. Kim |Kiml3] . 
Kim does not assume that the local Shimura datum (G, [6], {/i}) of Hodge type are obtained from 
a point on a Shimura variety. Although we were very much inspired by Kim’s work, our arguments 
are quite different and independent of |Kiml3| . 

3.2.1 Theorem. Let the unramihed local Shimura-Hodge datum (G, b, g, G) and the finite set of 
tensors (sa) S G® that cut out G C GL(G) be as in 13.1.4.11 above. Suppose Aq = Ao(G, 6,/x,G) 
is the p-divisible group over k defined in Lemma 12.2.51 

(i) There exists a formal scheme RZg = R'Z‘G,b,p,c,{sa) over Spf(LF), formally smooth and 
formally locally of finite type, that represents the functor RZg™ on ANilp[|P defined in 
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(ii) The action of Jb{Qp) on RZg™ given by 112.3.7.II) is induced by a left Jf,{Qp)-action on the 
formal scheme RZc. 

(iii) The formal scheme RZq is a closed formal subscheme of RZ(Xo). 

3.2.2 Remark. The formal scheme RZg is characterized as the unique formally smooth and 
locally formally of hnite type over W that represents the functor RZ^™, and this functor is 
determined by (Xq, (ta,o))- (The dehnition of the functor also involves the conjugacy class {/i}, 
but this is determined by Xq and its tensors.) In particular, it follows that RZ^ agrees, up to 
isomorphism, with the Rapoport-Zink formal scheme of Kim |Kiml3| . 

3.2.3 Corollary. Under the above assumptions, if k'/k is finitely generated field extension, the 
construction in the proof of Theorem 12.4.101 provides a bijection 

TT : RZaik') ^ XG,b,pya{k'). 

Proof. By Theorem 13.2.11 (i), the underlying reduced scheme RZ^*^ is locally of finite type over 
k, and so 

RZg(A:') = lir^^RZG(R) = Ih^^ RZ“'p(R), 

where the limit is as in Proposition 12.4.81 The corollary then follows from Theorem 12.4.lUI after 
taking into account Remark 12.4.111 □ 

3.2.4 We will now turn to the proof of Theorem 13.2.11 but, before we do that, we sketch the 
argument. We hrst construct the formal scheme RZg over W using the integral model of a 
Shimura variety and then we show, using also certain results from IKisl3l . that it represents the 
functor RZ|”. 

Roughly, the construction of RZg is done in two steps: First, we form a fiber product RZ^ 
of the classical Rapoport-Zink space associated to the p-divisible group Xq with the p-adic com¬ 
pletion of the integral model of the Shimura variety; the fiber product is over a Siegel moduli 
space. Over this hber product, we have crystalline tensors obtained by pulling back the universal 
crystalline tensors over the integral model constructed by Kisin (see ^3.1.5p : we also have 
corresponding crystalline tensors ta,o obtained by pulling back the crystalline tensors on the base 
point Xq via the universal quasi-isogeny. The second step is to show that the locus where these 
two tensors agree, i.e. with = tafii is given by a closed and open formal subscheme of the 
fiber product. This formal subscheme is the desired formal scheme RZg. 


Proof. It follows directly from the definition that the usual Rapoport-Zink formal scheme RZ(Xo) 
of ^2.3. II represents 


p yfsm _ T}'7 

^^GL(C) ■“ 


fsm 

GL(C),b,/i,C,0- 


Here we take the set of tensors to be empty. Also, we can show that the symplectic Rapoport-Zink 
formal scheme RZ(Xo, Aq) represents 


p yfsm _p yfsm 

^^GSp(C) •- 't^^GSp(C,V<),b,M,C,(s,y,„pi)' 


Here, Aq : Xq — > Xf is the principal polarization deduced from the symplectic form ip on C, 
and the single tensor Ssympl is defined as follows: Denote by rj : GSp(C, tp) —>■ Gm the similitude 
character. The symplectic pairing ip : C®C ^ ’^piv) defining GSp{C,'ip) induces an isomorphism 
C — > Dih): which allows us to view the dual 

Ip* : Zpirj-^) ^ [C (3)C)* ^ D®D 
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as a map ijj* : '^p{r]) C ® C. Now define 

Ssympl G End(C 0 C) ^ ^ ^0 

as the composition 

C®C ^ Zp{ri) ^ C0C. 

The group GSp{C,'ijj) C GL(C') is the stabilizer of Ssympi- One can easily shows that RZ(Xo,Ao) 
represents by using duality and the full-faithfulness of the Dieudonne crystal functor 

(see |BM90[ 4.1 and 4.3] and |d.T95) i for p-divisible groups over bases in ANilp^. 

In accordance to the above general notation scheme, we can now denote 

RZgl(c) = RZ(Xo), RZgsp(g) = RZ(Xo,Ao). 

If C is clear from the context we will simply write RZglj RZgspj instead. 

As in |R,Z961 Theorem 6.21], there is a canonical morphism 

0 : R'ZgSp(C) ‘^g,W ■= ‘S/g(SiZpW. 

(Here again, £/g denotes the completion of s/g —?> Spec(Z(-p)) along its special fiber.) This morphism 
sends a triple {X, A, p) to the point corresponding to the unique principally polarized abelian 
scheme A whose p-divisible group is X, and for which there exists a quasi-isogeny Axg A 
respecting polarizations up to -scaling, inducing an isomorphism on ^divisible groups for all 
i ^ p, and inducing the quasi-isogeny 

Ax,\p°^] = XoX = A[p°^]. 


We now let RZ^ be the formal scheme over Spf(IT) defined by the fiber product 


RZg 

eg. 


EZgSp(C) 

e 

■S^g,W. 


Here, JX = JXjjpjjp, in which we fix a choice of a sufficiently small prime-to-p level U^. We will 
see eventually that all such choices produce the same Rapoport-Zink formal scheme. 

The formal scheme RZ^ represents the functor that assigns to each W-scheme S in Nilpj^j/ 
the set of quadruples (AC, X, p, f : S ^w) where {X, X, p) is an 5-valued point of RZgSp such 
that the composition 

n f r'/? norm , 

5 —> ^ ^ S^g^s/. 

gives the corresponding point 0((A, A, p)) G ■S^g,w(S). 

In this situation, the Dieudonne crystal D(A) of the p-divisible group over 5 supports tensors 
to : 1 —^ D(A)® which are obtained as ta = Xe. by pulling back the universal crystalline 

tensors over 5^. 


3.2.5 Proposition. The morphism RZg —>■ RZgsp(c) hnite and the formal scheme RZ^ is 
formally smooth and locally formally of hnite type over Spf(IT). 

Proof. Since l is finite, the same is true for RZ^ —)■ RZgsp(g)) s® EZg is locally formally 
of finite type over W. By [KisIOl Prop. (2.3.5)] and the proof of [KisIOl Theorem (2.3.8)] (see 
also ^3.1.61) . the morphism l induces a closed immersion between the formal completions of XXy^ 
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and a-t each closed point s € Moreover, the scheme is smooth. By the Serre-Tate 

theorem, the formal completion of RZQgp(( 7 ) at any closed point can be identified with the formal 
completion of at the corresponding point and formal smoothness follows. In fact, for each 

closed point s of RZ^ the morphism 0^ gives an isomorphism 

between formal completions. □ 

Suppose that S' is a scheme in Nilpj^;/ and a G RZg(S). We have crystals ©(X) and D(X)'^, 
and isocrystals Ji[X)[l/p] and ]D)(X)‘^[l/p], over S. By pulling back the universal crystalline 
tensors via 0^ o o : S —>■ we obtain ^ 1 ^ D(X)® over S. 

3.2.6 Definition. For each S in Nilp^;/, denote by RZg'(S) C RZg(S) the subset consisting of 
all points a G RZ^(S) with the following property: For every field extension k'/k and every point 
y G S{k'), the isomorphism 

D(p) : 0{Xy)^{W')[l/p] ^ B(Xo)®[l/p] ^wn/p] W'[l/p] 
identifies the tensors ta{W') with toi,o{W) G 1. In other words 

D(p)(t„(IF')) = ta,o{W) 0 1. (3.2.6.1) 

(Recall that W' is the Cohen ring of k'.) 

3.2.7 Proposition. 

(i) The subfunctor RZ^ is represented by a closed and open formal subscheme of RZ^. 

(ii) The formal scheme RZg is formally smooth and locally formally of finite type over Spf(VF). 


Proof. The proof relies on the following lemma. 


3.2.8 Lemma. Assume that S in Nilp^ is connected, a G RZg(S'), and that there is a held k' 
and a point y G S{k') such that the condition i3.2.6.1\) is satisfied at y. Then = ta,o ® 1, 

where 


0{p) : D(Xs)®[l/p] ^ B(Xo Xfc 5)®[l/p] 


is the morphism of Frobenius isocrystals over S induced by the quasi-isogeny p. In particular, 
condition LI. 2. 6.1]) is satisfied at all field valued points of S, and so a (z IiZc{S). 


Proof. Note that, as RZ^ is locally formally of finite type, for any a G RZg(S'), there exists a 
locally finite type scheme S' in Nilp^y, a morphism ui : S ^ S', and b G RZg(S") such that 
a = bouj. Since S is connected, we can assume that S' is connected and so we reduce to showing 
the statement above for S connected and locally of finite type. 

We will first show that (j3.2.6.ip holds for all field valued points of S. All such points factor 
through the underlying reduced scheme S'red! hence, we can further assume that S is reduced 
and is actually affine of finite type over k. Now the argument of |MP161 Lemma 5.10] implies 
that condition (13.2.6.ip is satisfied for all held-valued points of S, and in particular for all closed 
points s G S', taking k' = k{s) to be the residue held. This already gives that a is in RZg'(S'). 

To show the rest, observe that, by Berthelot’s construction [Ber96l Theorem (2.4.2)], the 
Frobenius crystal B(A) over S determines a convergent Frobenius isocrystal M = B(X)[l/p]®'“ 
over S/W. Similarly, we have a convergent Frobenius isocrystal Mq given by base-changing 
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I3{Xq)\1 /to a convergent Frobenius isocrystal over S/W. The quasi-isogeny p induces a 
morphism of convergent Frobenius isocrystals 


: M® 




By |Ogu84 Theorem 4.1] (see [Ber961 Remark 2.3.4]), we have = tafl <8> 1 in M® 

since, by the above, this is true at a closed point. By |Ber961 Theorem (2.4.2)] the functor from 
Frobenius crystals up to isogeny over S to convergent Frobenius isocrystals over S/W is faithful, 
and the result follows. □ 


Consider the union of connected components of RZ^ which have a field valued point such 
that f]3.2.6.ip is satisfied. We can now see that this union represents the functor RZg. The second 
statement now follows from the first and the previous proposition. □ 


The following gives a main part of Theorem 13.2.11 
3.2.9 Proposition. The formal scheme RZc constructed above represents the functor 

RZ|“ ; ANilpI,” ^ Sets 

defined in >12.3.61 

Proof. Suppose that R is in ANilp]^. Denote by I an ideal of definition of R with pR C I. We 
will establish a functorial bijection 

RZg(R) ^ RZ|"^(R). 


A) Suppose first that we are given 

(A, X,p,f: Spf(R) ^ ^) € RZg(R) 


By Remark 12.3.51 fcl. we have morphisms of crystals to : 1 — )■ ©(A)® over Spec(i?) obtained by 
pulling back the universal crystalline tensors on XX. Recall, the tensors (ta) include the crystalline 
tensor that corresponds to the polarization A. By the definition of RZg, for any /c'-valued point of 
R, where k' is any field, we have the identity (|3.2.6.ip . Property (i) of Definition 12. 3. 31 follows from 
Lemma [3.2.81 To show that properties (ii) and (iii) are satisfied, we reduce by fppf descent to the 
case that R is replaced by its completion R^ at an arbitrary closed A;-valued point x. Since R is 
formally smooth, we can assume R = W/p^\xi, ..., Xrf^ for some m and re. Then, the morphism 


f ■.Spi{W/p^[xi,...,Xn\)^^W 

factors through the completion Spf(0^j(3,)); this completion is described in ^3.1.61 from which 
properties (ii) and (iii) follow for ta and the Hodge filtration over Oyj[x) > therefore also over 

R. 


B) Conversely, suppose 

(A,p, (t„)) G RZ|”(R). 

Since (f„) include the polarization tensor tsympU h follows, by using duality and the full-faithfulness 
of the Dieudonne crystal functor over R (see [BM90[ 4.1 and 4.3] and also |d,T95| l that these data 
also produce a principal polarization A on the p-divisible group A. We thus obtain 0((A, A,/?)), 
a Spf(i?)-valued point of which, by the standard algebraization theorems, corresponds to 


y : Spec(i2) ^ ^g,w- 


(3.2.9.1) 


It is enough to show that y factors through XPw- 
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This true when R = k, but this is already quite deep. It follows from Theorem 12.4.101 (with 
k' = k), together with |Kisl31 Proposition (1.4.4)] and its proof (this uses the main result of 
|GKV15| h 

Let us now deal with more general R. Assume first R —)■ IT|xi,... ,Xn], for some n ^ 0, 
with the obvious extension of a notion of an i?-valued point of RZ^™ (take I = {p,xi,... ,Xn) 
as an ideal of definition in ^2.3.6p . As just explained, we know that Spec(A:) —> given xi = 

■ ■ ■ = Xn = p = 0 gives a point x G ^iv(k). Use property (ii) of Definition 12.3.31 to choose a 
trivialization 


D(X)(R) 

that matches the tensors ta(R) with the standard tensors Sq G1. By Faltings’ construction of the 
universal deformation of the polarized p-divisible group (Xx, A^) as in ^3.1.61 and the Serre-Tate 
theorem, we can identify the completed local ring of with the completion of the 

opposite unipotent at the identity section. Our conditions now imply that the tensors ta = Sa<S>l 
are “Tate tensors” over R, therefore, by |Moo981 4.8], the corresponding R-valued point of f^Qgp(c) 
factors through 




f- rrMstdiA 

^ ^GSp(C)- 


As in (|3.1.6p . is identified with the completion of at x and the result for R ^ 

VU|xi,..., Xnj follows. 

We now consider the case of a general R in ANilp^. Evaluate on the PD lift R of ^2.1.31 
to obtain ta{R), and a corresponding R-scheme of trivializations of (D(A)(i?), {ta{R)))- 


3.2.10 Lemma. is a G ^- torsor . 


Proof. Notice that R/p^R —>• i? is a nilpotent PD thickening, for all n ^ 1. The claim follows from 
the local criterion of flatness and the definition of RZg™ (see in particular ^2.3.61 and condition 
(ii) of Definition I2.3.3P , by an argument as in the proof of Lemma 12.4.61 □ 


As in [KislOl Prop. (1.1.5)], the scheme of G-split filtrations of type p is smooth over 

Oe- Hence, so is its twist 

x^n XlG,g (3.2.10.1) 

by the G^-torsor this classifies filtrations in B(A)(ii) which are, locally for the etale topology, 
induced by a cocharacter which is G-conjugate to p. Since R is p-adically complete, we can lift 
the R-valued point of (13.2. 10. ip corresponding to the Hodge filtration Fil^(A) C B(A)(ii) to 
an R-valued point corresponding to a filtration in B(A)(R) as above. By Grothendieck-Messing 
theory, this lift of the Hodge filtration gives a morphism 

y : Spec(R) —>■ (3.2.10.2) 

extending the point y of (|3.2.9.ip . Now suppose that x is a /c-valued point of R = R/pR and 
consider 

Px '■ Spec(R^) ^ Spec(R) —>■ £^g^w- 

Since R^ —> W\xi,... ,Xn\, we obtain, by the result above, that factors through through 
It follows that (]3. 2. 10.211 factors through the Zariski closure of the generic fiber of 
in £/g^w] since R is integrally closed in R[l/p], we see that jj factors through the normalization 
Therefore, the morphism y : Spec(R) —>■ .s/g^w a-lso factors through . This completes the 
proof of Proposition 13.2.91 □ 
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This completes the proof of (i) and (ii) of Theorem 13.2.11 Indeed, the statement about the 
action of JbiQp) can be easily deduced from the rest. Part (hi) follows from the fact that 

RZqsp = RZ(Xo, Ao) ^ RZql = RZ(Xo) 

is a closed immersion, together with: 

3.2.11 Proposition. The morphism KZc RZqsp obtained by composing RZ^ ^ RZ^ and 
RZq —>■ RZgsp is a closed immersion. 

Proof. Recall that by Proposition 13.2.51 RZ^ ^ RZqSp is hnite. By the previous proposition, we 
can identify RZg™(A:) = HZcik). Let {X,X,p) G RZgSp(^), and let 

x=iX,p, (t„)) G RZ|“(A:) 

be a preimage. The crystalline tensors : 1 —>• ©(AC)® are uniquely determined by taiW) G 
D(X)(1T)®. The condition (|3.2.6.1D shows that these are then also uniquely determined by the 
rest of the data, so 

RZ|-(A:) = RZg(A:) ^ RZgsp(A:) 

is injective. The proof of Proposition 13.2.51 now implies that RZg —>■ RZgSp induces a closed 
immersion RZg,^ RZgsp.x on formal completions. Since RZg —>■ RZgsp is hnite the result 
easily follows, for example by using Nakayama’s lemma. □ 

This completes the proof of Theorem 13.2.11 □ 

3.2.12 Proposition. The formal scheme RZg depends only on the local Shimura-Hodge datum 
{G, b, p, C) and not on the choice of the tensors (sq.) C C®, as in 13.1.11 that cut out G. 

Proof. By Proposition 13.2.111 RZg is a closed formal subscheme of the undecorated Rapoport- 
Zink formal scheme RZgl = RZ(Xo). By Theorem 12.4.101 the choice of the base point xq = 
(Xq, {ta,o)), together with an isomorphism of its Dieudonne module with {Dw, boa, (sa <S> 1)), 
determines bijections 

RZg(A:) = RZ|“(A:) ^ XG,bo,ps(k), RZgl(A:) ^ XGL,i(bo),iK)(^)- 
In fact, these bijections are compatible with the maps RZg RZgl and 

-^G,bo,bcg(k) ^ -^GL,i(bo),i(MS)(^) 

determined hy i : G ^ GL(C'). Moreover, for each x G RZg(A:), the formal completions RZg,® C 

R-Zgl,x at X can be identihed with Uq^’^ C where px ■ Grmw Gw gives a hltration 

that lifts the Hodge hltration for x. Therefore, both the set of A:-valued points and the formal 
completions at each point of the closed formal subscheme RZg C RZgl do not depend on the 
choice of tensors (sq) C C®. Hence, we deduce that the closed formal subscheme RZg C RZgl 
also does not depend on the choice of tensors (sq). Combining with the above, this now implies 
that RZg depends only on the local Shimura-Hodge datum [G,b, p,G). □ 

3.2.13 Remark. According to |Kiml3| . the Rapoport-Zink formal scheme only depends, up 

to isomorphism, on the datum {G, Then by the above, RZg also only depends, up to 

isomorphism, on {G, [6], {/r}) and not on the local Hodge embedding. However, this independence 
does not follow directly from our construction without appealing to \loc. cit.\. 
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3.2.14 Remark. Define the VP-morphism 

0 : RZc —> 

to be the composition of RZg with 0^ : RZ^ —>■ ■ The morphisms 

0 : RZ(5 —>■ = 'S^vyv 

commute with the projections ^uPUp,w ^U^Up,W ^ ^2 • Hence, they combine to also 

provide a morphism 

0 : RZg ^!7p,VE := ^^UPUp,W- 

UP 


3.2.15 Remark. Recall from 33.1.41 that the local Shimura-Hodge datum {G,b, ^i,C) was con¬ 
structed from a point xq G S^{k). Fix g € G{K) and h G G{W), set 

h' = g~^ha{g), g! = h^h~^, 

and assume that b' G G{W)g'^{p)G{W). Then there is a point x'q G ^{k) such that the unramified 
local Shimura-Hodge datum {G,b', g',G) is constructed, in the sense of 33.1.41 from Xq. 

To see this, notice that the above condition on b' implies that g G and we may 

take Xq to be the image of g under the composition 

XG,b,t.4k) ^RZcik) ^ S^{k). 

Note that we then obtain an isomorphism 


RZ 


G,b,^,,C,{sc) 


RZ, 




by composing the quasi-isogeny p in the dehnition of the Rapoport-Zink functor 12.3.31 with the 
quasi-isogeny 

Xo(G,6',/x',C) XQiG,b,g,G) 


determined by g. 


3.3 Formal uniformization of the basic locus 

By our construction, RZq comes with a VF-morphism 

0 : RZq —>■ 

where ZX = SZ’u is the integral model of the Shimura variety given by our choice of a global 
Shimura datum. Such a morphism is one of the main ingredients of the uniformization theorems 
of |R,Z96[ Theorem 6.2] and |Kiml4) . In our approach, 0 is essentially part of the definition of 
RZg- We can directly show a version of uniformization (Theorem 13. 3. 2p by combining the above 
with results of Kisin |Kis M- 

3.3.1 For simplicity, we will only discuss the uniformization when b G G{K) is basic. We assume 
this is the case for the rest of this section. 

We fix a sufficiently small compact open subgroup of G(A^), again set U = U^Up, and 
again abbreviate X' = ZXu{G, %) for the smooth integral model over (i;) of the Shimura variety 
Shc;(G,'R). 

We continue as in 33.1.41 In particular, we assume that Xq = XQ{G,b, g,G) arises as the 
p-divisible group Axq\p°°] with tensors attached to a point xq G ZXjjpik). We will denote also by 
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xq the image of xq in S^[k). Denote by 

(3.3.1.1) 

the Newton stratum determined by b in the geometric special hber of =5^. By definition, 
consists of all points x such that there is a quasi-isogeny 

Xq k{x) = ^xob°°] Hx) 

of p-divisible groups whose corresponding morphism of contravariant Dieudonne isocrystals iden- 
tihes ta,x ■= with ta,o <8) 1. Obviously, xq G X^b- 

By |RR.96| and our assumption that b is basic, the stratum f|3.3.1.1l) is closed. Denote by 
the completion of along X^b- 

3.3.2 Theorem. (Kim fKiml4^ ) The morphism 0 extends to a G{h?^)-equivariant morphism 

0 : RZg X G(Ap —^ ^Up,w ■= ’^UPUp,w- 

which induces an isomorphism of formal schemes 

0' : /(Q)\RZg X G{AP)/UP ^ 


Here I is a reductive group over Q, which is an inner form of G, and is such that Jr is 
anisotropic modulo center. Moreover there are natural identifications 




Jb if i = p 
Gq^ otherwise. 


The quotient is for the action of I{Q) obtained by combining the (discrete) embedding I(Q) C 
JbiQp) X G{A^j) given by the above identifications, with the actions of JbiQp) on RZg, and of 
G(Aj) on G{AFj)/Kp by left multiplication. 


There is a more general result for non-basic b, which is more complicated to state. Compare, for 
example, with |R,Z96[ Theorem 6.23] or |Kiml4) . Also, the uniformization isomorphism descends 
to an isomorphism over a finite unramihed extension of again, we omit this discussion. 


Proof. Given the existence of the morphism 0, this closely follows [Kiml4j and |R,Z96| : for the 
convenience of the reader we sketch the proof here. 

The morphism 

0 : RZg ^ X^Up,W 

is given using Remark 13.2.141 and, by its construction, sends the base point (Ao,id, (ta,o)) to the 
point xq. Note that G(Aj) acts on the projective system ^Up ■= ^^up^UpUP on the right (this 
is the prime-to-p Hecke action) and so this gives a morphism 

0 : RZg X G(Ap ^ ^Up,w- 

After taking the quotient by we obtain 

0 : RZg X GiAP)/UP 

The prime-to-p Hecke action on preserves the p-divisible groups, and we can easily see that 
this morphism factors through j 
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By their construction (see also ^3.1.ip . the integral model supports a lisse A^-sheaf Ta^(A)(Q 
given by the Tate A^-module of the universal abelian scheme A, and sections 

: A' ^ Ta''(A)® 

We say that two points x and x' of S^{k) are in the same isogeny class if there is a quasi- 
isogeny / : A^/ of the corresponding abelian schemes, respecting weak polarizations, such 

that the induced maps 

B(A, 0 [ 1 /P] ^ ®(^x)[l/p] 

and 

TaP(A,)Q ^ T3F{A^,)^ 

send ta,x' ta,x and t^otetx et x'l respectively; compare with [Kisl3[ Prop. (1.4.15)]. 

Kisin |Kisl3[ (2.1)] associates to the isogeny class (j) C S^{k) of xq an algebraic group I = Ifp 
with rational points I{Q) given by the self-quasi-isogenies Ax^ ---> Axq that preserve 
ta,xo- By its very definition, I{Q) is a subgroup of Jfe(Qp) x G(Ap, and an argument as in [R.Z961 
p. 289] shows that this subgroup is discrete. 

Moreover, as in |R,Z96| . 0 factors as 

0 : /(Q)\RZg X G{AP)/UP ^ (3.3.2.1) 

We continue to assume that is sufficiently small. Using Corollary 13.2.31 and |Kisl31 Prop. 
(2.3.1)], we can see that (]3.3.2.1D gives an injection on fc-valued points. By the proof of Proposition 
13.2.51 we then see that 0 induces an isomorphism between the formal completions at such points. 
It then also follows that, for sufficiently small, the quotient 

/(Q)\RZg X G{AP)/UP 

is representable by a formal scheme over W. 

It remains to show that the group I has the properties in the statement of Theorem 13.3.21 
and that (|3.3.2.ip is an isomorphism. 

Note that the point xq G ^{k) is actually dehned over a hnite held of cardinality . By 
[Kisl3[ (2.3) and Cor. (2.3.5)], one sees that there is an element 70 G G(Q) such that I is an inner 
form of the centralizer Jq of ^ sufficiently divisible power of 70 . In fact, 70 is a part of a so-called 
Kottwitz triple 

^ = ( 70 , {7e)£jtp,S) 

as in [loc. cit., (4.3) and (4.4.6)]. Here, 7 ^ belongs to G{Q£), for all i ^ p. Also 6 belongs to 
G{Qpr), with Qpr c K a hnite unramihed held extension of Qp, and is cr-conjugate to b. There 
are reductive groups Ip over Qp, and Ii over for ^ p, associated to t. By [Kisl3l Cor. (2.3.2)] 
we have isomorphisms 

I Gq Qe —t’ III I Qp Ip. 

As we assume that b is basic, a power of the element 7 p := Sa{6) ■ ■ ■ is central. Therefore 

Ip = J 5 = Jb and they are both inner forms of G. It follows from the dehnition of Kottwitz triple 
that a power of 70 is also central, and hence Iq = G, and Ii = Gq, for i ^ p. The statements 
about the group I follow from this and the results of Kisin |Kisl31 (2.3)] mentioned above. 

In fact, the isogeny class 4> is independent of our choice of (basic) point xq- More precisely, 
we have 
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3.3.3 Proposition. Suppose that x e in other words, assume that D(R3;[p°°])(VP) has 

Frobenius F = bx oa, where bx G G{K) is a-conjugate tob = bx^ in G{K). Then x and xq are in 
the same isogeny class. 


Proof. This again follows from [Kis m. As above, a power of yp^x obtained from 6 x as above 
is central. Using this we can easily see that there is a unique equivalence class of Kottwitz 
triples t = (70, {'ye)i^p,bx) with 6 x cr-conjugate to b. (See [Kisl3l 4.3.1] for the definition of the 
equivalence relation.) Now by |Kisl31 Proposition 4.4.13], the set of isogeny classes which produce 
the same Kottwitz triple t is in bijection with the abelian group IIIg'(Q, I). However, since b is 
basic, Iq = G as above, and we can see from its definition [loc. cit., §4.4.9 and §4.4.7] that 
U1 g(Q, I) is trivial. This concludes the proof. □ 

Since the image of (|3.3.2.ip on A:-points is the isogeny class of xq, Proposition 13.3.31 implies 
that (13.3.2.ip surjects onto S^},{k). Given the above, the remaining claim that (13.3.2.11) is an 
isomorphism can be proven quickly by following the arguments in |RZ96l Chapter 6]. □ 

4. Rapoport-Zink spaces for spinor similitude groups 

Now we turn to the description of a special class of Hodge type Rapoport-Zink formal schemes: 
those associated with the Shimura varieties for spinor similitude groups. Throughout 0 ^ and 
^we work purely locally. The Shimura varieties themselves will not appear until ^ 

Fix a nondegenerate quadratic space (V, Q) of rank n ^ 3 over Zp and define a bilinear form 
on V by (II. 2.1. ID . We assume that V is self-dual, in the sense that the bilinear form induces an 
isomorphism V ^ Hom(U, Zp). The space V will remain fixed throughout 0 ^ and ^ 

4.1 Quadratic spaces, Clifford algebras, and spinor similitudes 

For details on quadratic spaces, Clifford algebras, and spinor similitude groups we refer the reader 
to |Bas74) . |MP16) . and [ShilO] . 

4.1.1 The Hasse invariant of is the product of Hilbert symbols 

^(^p) ~ W- .(®*) ^j)pj 

where ei,..., G is an orthogonal basis and a* = Q{ei). The determinant 

det(VQp) = 2"'ai • • • 

is the determinant of the matrix of inner products [ei,ej]. It is well-defined up to multiplication 
by a square in . The self-duality hypothesis on V implies that e(VQp) = 1 and 

ordp(det(VQp)) = 0 (mod 2). 

4.1.2 The Clifford algebra of U is a Z/2Z-graded Zp-algebra denoted 

G{V) = C+(U)©C-(U). 

It is free of rank 2"' over Zp, generated as an algebra by the image of a canonical injection V ^ 
G~{V) satisfying v ■ v = Q{v). The canonical involution on G(V) is the Zp-linear endomorphism 
c !->■ c* characterized by (ui • • • Vd)* = Vd - ■ -vi for all vi,... ,Vd € V. 
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For some faithfully flat Zp-algebra R there is an isomorphism 


C{Vr) 


M2k (R) 

M2k (i?) X M2k (R) 


if n 
if n 


2k 

2k+ 1. 


The reduced trace Trd : C{V) —>• Zp is the unique Zp-linear map which induces, under any such 
isomorphism, the usual trace on M 2 k{R) when n = 2k, and the sum of the usual traces when 
n = 2k + 1. 

The center Z{V) C C{V) is easy to determine: if n is even then ZiV) = Zp, while if n is odd 
then Z{y) is either Zp2 or Zp x Zp, depending on the determinant of Vq^. In all cases the natural 
map 

C{V) (^z(V) CiVyP ^ Endz^y)iC{V)) 

is an isomorphism. 


4.1.3 For a Zp-algebra R, the tensor product Vr = V i? is a nondegenerate quadratic space 
over R with Clifford algebra C{Vr) = C{V) Z)Zp R- The spinor similitude group G = GSpin(P) 
is the reductive group over Zp with i?-points 

G{R) = {5 G G+{VrY : gVRg-^ = Vr, g*g G R^}, 

and the spinor similitude r]G ■ G ^ Gm is the character gcig) = g*g- 

The conjugation action of G on G(V) leaves invariant the Zp-submodule V, and this action 
of G on P is denoted g •v = gvg~^. There is a short exact sequence of group schemes 

l^Gm^G SO(P) ^ 1 
over Zp, and the restriction of rjc to the central Gm is z i—>■ 

4.1.4 If we fix any 6 G G{V)^ with 5* = — 6 , then 

ips{ci,C2) := Trd(ci5c2) 

is a perfect symplectic form on G{V). The group G, being a subgroup of G{V)^, acts on G{V) 
by left multiplication, yielding a closed immersion G ^ GSp{G{V),'tps). Under this embedding 
the symplectic similitude character restricts to the spinor similitude on G. 

4.1.5 As in (ll.l.l.3p . we denote by H = Hom2p(C'(U),Zp) the contragredient representation. It 
follows from 34.1.21 that there is an isomorphism 

C{Vr ^ziv) C{V) ^ Endz^y){D) 

defined by ((ci G C 2 )d){c) = d{cicc 2 ). Note that the contragredient action of G on H commutes 
with the action of G{V), but not with that of G{V)°P. 

However, the inclusion V C G(U)'’^ allows us to view 

U C EndzpiD). (4.1.5.1) 

These are the special endomorphisms of D. Again, they do not commute with the G action; 
rather, they satisfy the relation g o v o g~^ = g • v as endomorphisms of D, for any g G Gi^p) 
and V €V. 


4.2 The GSpin local Shimura datum 

From the quadratic space V we will construct an unramified local Shimura-Hodge datum (G, h, p,, G{V)) 
in the sense of Definition 12.2.41 
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4.2.1 Fix a Zp-basis xi,..., S V for which the matrix of inner products has the form 

/O 1 \ 


{[Xi,Xj\) = 


1 0 


V 


V 


(the matrix is diagonal except for the upper left 2x2 block.) This choice of basis determines a 
cocharacter fi : Gm —>■ G* by 

fl{t) = t~^XiX 2 + X2X1, 

where the arithmetic on the right hand side takes place in C{V). 

Under the representation G —>■ SO(U), we have 


/i(t) • Xi = < 


The relation X1X2 + X2X1 = [xi,X 2] = 1 implies that CiV) = xiC'(U) © X2C{V), and under the 
representation G —>■ GSp(C'(U), we have 


t~^Xi 

if f = 1 

tXi 

if i = 2 

Xi 

if 3 ^ ^ n. 


fi{t) ■ z = 


t if z e xiC'(U) 

2; if 2; e X 2 G{V). 


The following lemma will be needed in the proof of Proposition 16.2.21 
4.2.2 Lemma. For self-dual W-lattices A,A^ C Vk, the following are equivalent: 

(i) {A + A^)/A^W/pW, 

(ii) there is a g ^ G{K) such that A'^ = g • Vw 8 i,nd A = gg.{p~^) • Vw- 

Proof. First assume (i) holds. As self-dual lattices are necessarily maximal, Theorem I A. 1.3 1 implies 
that A and A'^ have the form 


A = WeQWfQBi, A^ = WpeQWp-^f ® Bi 

for some isotropic e, / G Vk with [e, /] = 1, and some fU-submodule Bi C Vk orthogonal to both 
e and /. 

Now consider the self-dual lU-lattice Vw C Vk- The calculations of ^4.2.11 imply that 

(/r(p-i) . W + Vw)/{Kp~^) • Vw) ^ W/pW, (4.2.2.1) 

and so there is a similar decomposition 

//(p-i) •Vw = fUe © WfeB 2 

Vw = Wpe® Wp~^f © B 2 


for some VF-submodule B 2 C Vk- 

Witt’s cancellation theorem implies that Bik —> B 2 K as AT-quadratic spaces. As Bi and 
B 2 are self-dual (hence maximal), Theorem lA.1.21 implies that Bi and B 2 are isomorphic as fU- 
quadratic spaces. It follows that there is a 5 G SO(V/i') such that ge = e, gf = /, and gB 2 = Bi. 
Choosing any lift g G G{K) yields the element required in (ii). 
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The reverse implication is clear from (14.2.2.11) . □ 

4.2.3 As G acts on both V and D, any b € G{K) determines isocrystals 

{VK,^ = boa) and {DK,F = boa). 

These will play a central role in everything that follows. 

Recall from 32.2.8l that b G G{K) is basic if its slope cocharacter i^b : Tk —t Gk factors through 
the center of Gk- As Tk is an inverse limit of connected group schemes, this is equivalent to the 
slope cocharacter factoring through the connected component of the center, which is 

G™ = ker(G^SO(R)). 

Thus any basic b G G{K) determines a rational number 

Uh G Hom(Ti^,Gm) = Q, 

which depends only on the cr-conjugacy class of b. 

4.2.4 Lemma. For each b G G{K) the following are equivalent: 

(i) b is basic, 

(ii) the isocrystal {Vk, ^ = b o a) is isoclinic of slope 0, 

(hi) the isocrystal {Dk,F = b o a) is isoclinic. 

When these equivalent conditions hold, the slope of the isocrystal Dk is —Vb- 


Proof. The equivalence of the hrst two statements follows from the fact that the central Gm C Gk 
is the kernel of the representation Gk —t SO(Vft'). The equivalence of the hrst and third follows 
from the observation that the representation Gk —t GL(Zli^) identihes the central Gm C Gk 
with the torus of scalars in G\j[Dk). Moreover, Gm C Gk acts on Dk through the character 
t i-A t~^, proving the hnal claim. □ 


4.2.5 Proposition. Every basic b G G{K) satisfies 

ordpipcib)) 

=^ - , 

and b^ Vb establishes a bijection 

{basic b G G{K)}/a-conjugacy —> —Z. 


(4.2.5.1) 

(4.2.5.2) 


Moreover, for any basic b G G{K) the Qp-quadratic space 

Fk = {x ^ Vk : = x} 

has the same dimension and determinant as Vqj,, and has Hasse invariant e{V^) = ( — 


Proof. As in |Asg02 §2], the derived group of G is the kernel of the spinor similitude, which is 


just the usual spin double cover of SO(P). In particular the derived group is simply connected, 
and results of Kottwitz (combine [Kot85[ Proposition 5.4] and [Kot85[ (2.4.1)]) imply that 

1 . 


: G{K) 


-z 


induces a bijection 


{basic b G G(Ar)}/(7-conjugacy 
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Recalling the basis x\,... ,Xn oiV of ^4.2.11 we now set 

6 = + a;2) e G(Qp). (4.2.5.3) 

A simple calculation gives 

6 ^ = -p-^Q{x^) G . (4.2.5.4) 

As Gm C G acts on Dk via t i—>■ the relation (I4.2.5.4p implies that makes Dk into an 

isoclinic isocrystal of slope k/2. Thus 5^ is basic with = —kj^ by Lemma [4.2.41 

As r]Q{p) = p^, the relation ()4.2.5.4I1 implies ordp{r]G{b)) = — 1, and so the powers of b form a 
complete set of representatives for the basic u-conjugacy classes. As these satisfy 

_ k _ oidpiricib^)) 

“ 2 “ 2 

we have now proved both (|4.2.5.1I) and (I4.2.5.2p . 

As is a scalar, it lies in the kernel of G{K) —)• SO{V){K). Thus the isocrystal structure on 

Vk defined by <1> = 6^ o a depends only on k (mod 2). If fc = 0 then = Vqj, as subspaces of 

Vk, and so they have the same dimension, determinant, and Hasse invariant. 

On the other hand, if A; = 1 then direct calculation shows that the isocrystal Vk defined by 
= 6 o (T satisfies 

‘hxi = —pX2, ^X2 = —p~^Xi, = —X3, (4.2.5.5) 

and d>Xj = Xi for z > 3. If we define subspaces M = QpXi + ^pX 2 + QpiC3 and N = M"*- in Vq^, 
then there are orthogonal decompositions 

% = M © AT, V| = m| © N, 

and an elementary calculation (as in the proof of |HP14[ Proposition 2.6]) shows that M and 
have the same dimension and determinant, but different Hasse invariants. Hence the same is true 
of % and V|. □ 

4.2.6 Proposition. If we let 

— p : Gm G be as in 114.2.li 

— b € G(K) be defined by 14.2.5.3\) . so that Vh = —1/2, 

— G ^ GSp{G{V),'ijjs) be the representation of M.1.4[ 

then b G G{W)p^{p)G{W), and the action of Gm on G{V) determined by 

Gm ^ G ^ GSp{G{V),i;s) 

has the form 

V i2"-l 

for some choice of basis of G{V). In particular, (G, b, p,G{V)) is a local unramihed Shimura-Hodge 
datum in the sense of Definition 12.2.41 

Proof. The calculations of ^4.2.1l show that the action of Gm on G{V) has the stated form. Thus, 
as /r = , it suffices to prove b G p{p)G{W). Comparing the calculations of ^4.2.1l with (14.2.5.511 

shows that 

b»Vw = ^{Vw) = pip) • Vw 
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as lattices in Vk- Thus fi{p ^)b lies in p^G{W), the stabilizer in G{K) of the lattice Vw- But 

ordp(r/G(b)) = -1 = ordp(7]G(Kp))), 

and so in fact fj,{p~^)b € G{W). □ 

4.2.7 Remark. In general, given G and {p} as in 32.2.11 with {p} minuscule, there is a unique 
basic cr-conjugacy class [!)] such that {G,[b],{p}) is a local unramified Shimura datum. This 
follows from [RR,961 Theorem 1.15 (i)] and the description of the set B{GiQj^, {p}) given there; 
see also |Worl3[ §5.2]. 

4.3 The GSpin Rapoport-Zink space 

The local Hodge-Shimura datum (G, b, p, Giy)) of Proposition 14. 2. 6) will remain fixed throughout 
the remainder of 0 and throughout ^and ^ 

4.3.1 By Lemma [4.2.41 the isocrystals 

(y^,$ = 6 oa), {Dk,F = boa) 

have slopes 0 and 1/2, respectively, and Lemma [2.2.51 implies that there is a p-divisible group 

Xo = Xo{G,b,p,C{V)) 

over k whose contravariant Dieudonne module is the lattice Dw C Dk- The perfect symplec- 
tic form ijj^ on G{V) determines a principal polarization Aq : Xg , and the inclusion 

G(y)°P c End(C'(P)) by right multiplication defines an action of G(Vy on Xq. Let ©(Xq) be 
the contravariant crystal of Xq, so that D(Xo)(IP) = Dy ^. 

Tensoring (I4.1.5.ip with K yields a subspace Vk C End;^(iAi^) of special endomorphisms, on 
which the operators and F are related by = F ox o F~^. In particular, the <h-fixed vectors 
commute with F, and so determine a distinguished Qp-subspace 

y| C End(Xo)Q 

of special quasi-endomorphisms of Xq. The restriction to of the X-valued quadratic form on 
Vk then satisfies x o x = Q{x) ■ id. By Proposition 14.2.51 the space V^ has the same dimension 
and determinant as Vq^, but has Hasse invariant e(V^) = ~e(kQp) = ~1- 

4.3.2 Now we have all the ingredients needed to attach a Rapoport-Zink formal scheme to the 
quadratic space (P, Q), using the general constructions of ^ and ® By Theorem 13.2.11 the 
quadruple (G,b, p,G(y)) determines a formal IP-scheme 

RZ = 'RZG,b,u,CiV),{s^) (4.3.2.1) 

together with a closed immersion RZ ^ RZ(Xo, Aq). Here RZ(Xo, Aq) is the symplectic Rapoport- 
Zink space as in 32.3.11 By Proposition 13.2.121 the formal scheme (14.3.2.111 does not depend on 
the collection of tensors (s^) C C(P)® = that cut out the subgroup G C GL(G(P). 

For this to make sense, we must explain why the datum (G, 6, p, GiV)) has the form (|3.1.4.11) . 
In other words, why this quadruple (along with some choice of tensors Sa) agrees with the one 
coming from a fc-point on an integral canonical model of a Shimura variety. The quadratic space 
(P, Q) over Zp can be realized as the p-adic completion of a quadratic space over Z(p) of signature 
(n — 2, 2), and hence the reductive group G and its representation G(P) also arise from analogous 
objects over Z^pp The tensors (sq) may then be chosen to come from this Z^p^-model of G(P), 
and the existence of the desired point x on a global Shimura variety then follows from Proposition 
17.2.31 below. 
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An explicit list of tensors (sq) that cut out G C GL(C(R)) can be found in |MP161 Lemma 
1.4(3)]. It will be convenient to fix, once and for all, such a list, and assume that it includes the 
tensor induced by the symplectic form i/js on C{V), as in the proof of Theorem 13.2.11 and that it 
include a set of Zp-algebra generators for the subring 

C{V)^ C End(C(R)) = C{V) 0 C{V)* 

dehned by right multiplication. (Equivalently, a set of generators for the subring C{V) C End(Zl) 
of ^4.1.51 ) 

4.3.3 The restriction of the universal object via RZ RZ(Aio, Aq) is a pair (Ai, p), in which X is 
a p-divisible group over RZ, and 

P ■ ^0 Xspf(fc) RZ --■> X Xrz RZ 

is a quasi-isogeny of p-divisible groups over 

RZ = RZ Xspf(vF) Spf(A:). 

As we have chosen our list of tensors to include generators of the subalgebra (7(1^)°^ C 
End(C'(R)), the universal X is endowed not only with a principal polarization A : X —>■ X'^, 
but also with an action of C(y)°P. The universal quasi-isogeny is C'(R)°^-linear. The action of 
C{V)°^ on the universal object will play little role in what follows; it will be used only in the 
proof of Proposition 16.1.2] below. 

The universal quasi-isogeny also respects the polarizations A and Aq up to scaling, and hence, 
Zariski locally on RZ, we have p*X = c{p)~^Xo for some c{p) G . For each £ G Z let RZ^^^ C RZ 
be the open and closed formal subscheme on which ordp(c(p)) = i, so that 

RZ = y RZW. 

4.3.4 The algebraic group Jh = GSpin(V^) has Qp-points 

'h{%) = {ff G G{K) : gb = ha{g)), 

and acts as automorphisms of the isocrystal Dk- This realizes Jb{Q.p) C End(Xo)Q, and, as in 
(j2.3.7.ip . there is an induced action of Jf,(Qp) on RZ. Each g G Jb{Q.p) restricts to an isomorphism 

g : RZ^^^ —)■ 

In particular, the subgroup C Jb{Qp) acts on RZ, and, as rjbip) = 

/\RZ ^ RZ(°) U RZ(^). (4.3.4.1) 

The surjectivity of the spinor similitude rjb ■ Jb{Qp) Qp implies that the RZ^^^ for various £ 
are (non-canonically) isomorphic. 

4.3.5 In this paper, we do not discuss the very interesting general theory of the p-adic symmetric 
domain and the period morphism for the p-analytic spaces associated to the formal schemes RZg. 
See |RZ96l Ghapter 5], and for the Hodge type case [Kiml3| . 

We will just mention briefly, and without details, an elegant description of the p-adic sym¬ 
metric domains that relates to the basic Rapoport-Zink spaces for GSpin(I/) treated here. 

In this case, the corresponding flag variety is simply the quadric Q C P(R) of isotropic lines 
L C R. If E is a hnite extension of R, the E-valued points Q^^{F) of the (weakly) admissible 
locus C in the rigid analytic quadric are those isotropic E-lines L <Z Vp which are 
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not contained in any isotropic F-subspace of Vp which is Qp-rational; here “rational” is for the 
Qp-vector space structure on Vp given by Vp = <S>Qp F. 

This description can be obtained by first reducing consideration to the corresponding p-adic 
symmetric domain for the group SO(P) = GSpin(P)/Gm (for example, see [DORlOl Cor. 9.2.22]), 
and then by working through the definitions of [RZ961 Chapter 1] for SO(R). We leave the details 
to the reader. 


5. Vertex lattices and special lattices 

The section contains mostly linear algebra. We study the family of vertex lattiees A C V^, and 
the family of speeial lattices L C Vk- 

5.1 Vertex lattices 

In this subsection we introduce the vertex lattices and study their combinatorial properties (com¬ 
pare with |HP14[IVollO[rvWll) l. Later, in ^ we will express the reduced scheme underlying the 
spinor similitude Rapoport-Zink formal scheme (|4.3.2.1D as a union of closed subschemes indexed 
by these vertex lattices. 

5.1.1 Definition. A vertex lattice is a Zp-lattice A C satisfying 

pA C A^ C A, 

where A^ is the dual lattice in the sense of Definition lA.l.ll The type of A is 

tA = dimFp(A/A'^). 

5.1.2 Proposition. Let A be a vertex lattice, and recall the integer tmax of lil.2.3.1\) . The type 

tA is even and satisfies 2 ^ ^ tmax- Furthermore, every vertex lattice is contained in a vertex 

lattice of type tmax- 

Proof. Recall from ^4.1.H and Proposition 14.2.51 that 

ordp(det(V^)) = ordp(det(VQp)) = 0 (mod 2). (5.1.2.1) 

It follows that the type of a vertex lattice is even. The type cannot be 0, for then would 
contain a self-dual lattice, contradicting the Hasse invariant calculation e{V^) = —1. 

Let Lat be the set of all Zp-lattices A C satisfying [A, A] C p~^Zp. In other words, Lat 
is the set of all lattices for which pA C A^, and so Lat contains all vertex lattices. Let A be any 
lattice which is maximal (with respect to inclusion) among all elements of Lat. We will prove 
that A is a vertex lattice of type tmax; from which the proposition follows immediately. 

The lattice A is a maximal lattice (in the sense of Definition I A. 1.1 with respect to the rescaled 
quadratic form pQ on V^, and so by Theorems I A. 1.2 1 and I A. lT3] there is a decomposition 

A = Span^^{ei,/i, ...,er,fr}®Z 

in which is anisotropic, 

Z = {x e Zqp : Q{x) G p“^Zp}, (5.1.2.2) 

and the vectors e, and fj satisfy 

[Z, eij = [Z, fi] = 0, [ci, ej] = [/,, fj] = 0, 

and [ei, fj] = p~^6ij. As every quadratic space over Qp of dimension greater than 4 contains an 
isotropic vector, we also have dim(ZQp) ^ 4. 
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The relation pK C implies pZ C Z'^. We cannot have Z'^ = Z, for then 

Spangp{pei, /i,... ,per, /r} © Z C 

would be a self-dual lattice, contradicting e(Rj’) = —1- In particular, Z 7 ^ 0. 

If dim(ZQp) = 1 then Zq^ ^ Qp with the quadratic form Q{x) = cx^ for some c G )^. 

We cannot have ordp(c) even, for then (I5.1.2.2p implies Z = Z^, contradicting what was said 
above. But we also cannot have ordp(c) odd, for then 

ordp(det(RQp)) = ordp(det(V;^)) = 2 r + ordp(det(ZQp)) 

is odd, contradicting (15. 1.2. ID . Thus dim(ZQp) G {2,3,4}. 

Suppose dim(ZQp) = 2. Let Qp 2 be the unramified quadratic extension of Qp, and let x 1 —>• x 
be its nontrivial Galois automorphism. For some c G Qp/Nm(Q^ 2 ) there is an isomorphism 

Zqp ^ Qp 2 identifying the quadratic form Q with Q{x) = cxx. If ordp(c) is even then, as above, 
Z = Z^ yields a contradiction. Thus ordp(c) is odd, and simple calculation shows that Z^ C Z, 
dim(Z/Z^) = 2 and det(ZQp) = —u for a nonsquare u G Qp . This implies that C A with 
dim(A/A'^) = 2 r + 2 = n, and 

det(%) = det(V^) = (- 1 )’'det(ZQj = (- 1 )^- 

Thus A is a vertex lattice of type n = tmax- 

Suppose that dim(ZQp) = 3. Let B denote the quaternion division algebra over Qp, with its 
main involution x 1 —>■ x. The subspace of traceless elements = {xGi?:x + x = 0} has 
dimension 3, and the reduced norm Nrd(x) = xx restricts to an anisotropic quadratic form on 
B'^ with ordp(det(R°)) even. In fact 

(R°, Nrd) (Qp, -uxl - pxl + upxl) 

for any nonsquare u G Z^. There are exactly four anisotropic quadratic spaces over Qp of 
dimension 3, and they are the spaces (RojCNrd) with c G Qp/(Qp)^- If ordp(c) is odd then 
ordp(det(IQj)) is also odd, contradicting (|5.1.2.1D . Thus ordp(c) is even, and one easily checks 
from (|5.1.2.2p that Z'^ C Z with ZjZ^ of dimension 2. Thus A^ C A and 

dim(A/A'^) = 2 r + 2 = n — 1 . 

In other words, A is a vertex lattice of type n — 1 = tmax- 

Finally, suppose dim(ZQp) = 4. By [Ser731 Corollary IV.2.3], the only anisotropic quadratic 
space of dimension 4 is Zq^ —> B with its reduced norm form. In particular det(ZQp) = 1, and 
Z A 7 m“^, where Ob C B is the unique maximal order and m C Ob is its unique maximal ideal. 
The dual lattice is Z^ = Ob, and it follows that Z^ C Z with dim(Z/Z^) = 2. This implies that 
A'^ C A, dim(A/A'^) = 2 r -|- 2 = n — 2 , and 

det(%) = det(y|) = (-ir det(ZQj = (-l)t. 

Thus A is a vertex lattice of type n — 2 = tmax- Gl 

There is a natural notion of adjacency between vertex lattices, which makes them into the 
vertices of a connected graph, as we now explain. 

5.1.3 Definition. Two vertex lattices Ai, A 2 C are adjacent if either Ai C A 2 or A 2 C Ai. 
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We write Ai ~ A 2 to indicate that Ai and A 2 are adjacent. Adjacent lattices have different 
types, and the inclusion between them is always the lattice of smaller type inside the lattice of 
larger type. 

5.1.4 Proposition. Let A C he a vertex lattice of type t\ and suppose t ^ t^ is any even 
integer with 2 ^ t ^ tmax- There is a vertex lattice of type t adjacent to A. 

Proof. First suppose that t < t\. The quadratic form q{x) = pQ{x) makes A/A^ into a non¬ 
degenerate quadratic space over Fp of rank t\ ^ 4, and Corollary 1.2.2 of ISerTd) implies the 
existence of an isotropic line i C A/A^. The orthogonal £-*- C A/A^ determines a vertex lattice 
A' = A^ C A of type Ia' = ~ 2, and repeating this process yields a vertex lattice of type 

t contained in A. 

Now suppose that t\ < t. By Proposition 15.1.21 there is a vertex lattice A^ax of maximal type 
tmax satisfying A^ax £ A^ C A C A^ax- The subspace A^/Aj^g^^ C Amax/Aj^^ax is totally isotropic, 
and for any codimension one subspace i C A^/A^ax orthogonal 

^/^max ^ ^ ^max/^max 

determines a vertex lattice A' = A)^ax + fyP® + 2 containing A. Repeating this process 
yields a vertex lattice of type t containing A. □ 

The following proposition, which proves the connectedness of the graph of vertex lattices, will 
be used in the proof of Theorem 16.4.II to show that is connected. 

5.1.5 Proposition. Given any two vertex lattices A', A'' C , there is a sequence of adjacent 
vertex lattices 

a' ~ Ai ~ A 2 ~ ~ Ag ~ a". 

Proof. As in the proof of Proposition 15.1.21 let Lat be the set of all Zp-lattices A C satisfying 
[A, A] C p~^'Lp. Recall that Lat contains all vertex lattices. Recall also that any maximal (with 
respect to inclusion) element A € Lat is necessarily a vertex lattice of type tmax) and is a maximal 
lattice with respect to the rescaled quadratic form pQ. 

Pick maximal elements A', A" G Lat with A' C A' and A" C A". In particular A' ~ A' and 
A" ~ Using the maximality of A' and W' with respect to pQ, Theorem I A. 1.31 implies that 
there are decompositions 

A" = Span^pjei, /i,..., e^, /,.} © Z 

and 

A' = Span^^{p“iei,p““Vi, • • • © Z 

where all and fi are isotropic, [ci, fj] = p~^6ij, each a* ^ 0, and Z is orthogonal to all Cj and 
fi and satisfies pZ C Z^ C Z. 

From these decompositions it is elementary to construct a chain of adjacent vertex lattices 

A^ ~ A^ ~ Ai ~ A 2 ~ ~ A^ ~ ~ A". 

For example, set 

Ai = Spang^Kiei,p-“i+i/i,p“^e2,p-“V2, • • • © Z 

so that Ai C A' is a vertex lattice of type fmax ~ 2, and then set 

A 2 = Span2p{p“i“^ei,p““i+Vi,p“"e2,p"“V2, ■ ■ ■ © Z 

so that A 2 © is a vertex lattice of type fmax- Repeat until all the exponents reach 0. □ 
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5.2 Special lattices 

We now define a family of special lattices in Vk- In ^we will show that these special lattices are 
in bijection with the set p^\RZ(/c). 

In fact, we will need a similar result for any finitely generated extension k' of k. Let W be 
the Cohen ring of k', let K' = iy^[l/p] be its fraction field, and let a K' ^ K' he any lift of 
Frobenius. Define a a-linear operator $ = 6 o <7 on Vk'- If L C Vk' is any IRLsubmodule, let 
$*(-L) C Vk' be the W'-submodule generated by $(L). 

5.2.1 Definition. A special lattice L C is a self-dual IRLlattice such that 

(L + $,(L))/L ^ W'/pW'. 

The following proposition implies that for every special lattice L C Vk there is a vertex lattice 
A C with A^ C L C Aw- In fact, there is a unique minimal such A, denoted A(L). The proof 
is identical to that of |R,TW14l Proposition 4.1] and [Volini Lemma 2.1], and so is omitted here. 

5.2.2 Proposition. Let L C Vk be a special lattice. If we define 

lW = L + 4>(L) + --- + 4>''(L), 

then there is a (necessarily unique) integer 1 ^ d ^ t^a^^/2 such that 

L = C C • • • C 

Moreover, the W-module has length 1 for all r < d, and 

A(L) = {x € : 4>(x) = x} C 

is a vertex lattice of type 2d satisfying A(L)^ = {x £ L : <h(x) = x}. 

5.3 The variety S\ 

We next attach to a vertex lattice A C V^ a /c-variety Sa parametrizing certain special lattices. 

5.3.1 Define an Fp-vector space Dq = A/A^ of dimension t\. The quadratic form pQ on A is 
Zp-valued, and its reduction modulo p makes Dq into a nondegenerate quadratic space over Fp. 
Set 

D := Do (8)Fp k —> Aw/Aw 

with its Frobenius operator id C <7 = Note that Dq cannot admit a Lagrangian (= totally 
isotropic of dimension tA/2) subspace. Indeed, if such a subspace ..Sf C Dq existed, then A^-I-JZ' C 
V^ would be a vertex lattice of type 0, contradicting Proposition 15.1.21 In fact, Dq is characterized 
up to isomorphism as the unique nondegenerate quadratic space of dimension t\ that does not 
admit a Lagrangian subspace. 

The orthogonal Grassmannian OGr(D) is the moduli space of Lagrangian subspaces Af C D. 
More precisely, an R-point of OGr(D) is a totally isotropic local direct summand JZ’ C D R of 
rank tA/2. Denote by Sa C OGr(D) the reduced closed subscheme with /c-points 

SA { k ) = |Lagrangians .if C D : dim^(.if -|- 4*(.if)) ~ ^ 

—> {special lattices L C Vk '■ Ayv C L C Aw}- 

5.3.2 Proposition. The k-scheme Sa has two connected components Sa = S^ U S)(. The two 
components are isomorphic, and each is projective and smooth of dimension (tA/2) — 1- 
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Proof. All of the claims are included in |HP14[ Proposition 3.6], except for the isomorphism 
Pick any g G 0(Ho)(®'p) with det(( 7 ) = —1. The natural action of g on OGr(H) leaves 
S\ invariant, and the discussion of |HP14[ §3.2] shows that g interchanges with □ 

6. Structure of the spinor similitude Rapoport-Zink space 

We will determine explicitly the structure of the reduced /c-scheme RZ’’®^ underlying the formal 
VP-scheme RZ of 34.3.21 More precisely, we will express RZ""®^ as a union of closed subschemes 
RZ]^*^ indexed by vertex lattices, and then relate each RZy^*^ to the variety 5 a of 35.3.11 

6.1 Closed subschemes defined by vertex lattices 

Recall from 34.3.11 and 34.3.31 the Qp-quadratic space of special quasi-endomorphisms C 
End(Xo)Q, and the universal quasi-isogeny 

P ■ -^0 Xspf(fc) R-Z --4 X Xrz RZ. 

6.1.1 Fix a vertex lattice A C V^, and denote by RZa C RZ the closed |RZ961 Proposition 2.9] 
formal subscheme defined by the condition 

p o A'^ o p~^ c End(A). 

In other words, RZa is the locus where the quasi-endomorphisms p o A'^ ° p~^ of A are actually 
integral. As in 34.3.41 the subgroup C Jf)(Qp) acts on RZa. Set 

Rzjf^ =RZAnRZ(^), 

so that p^\RZa —> RZ® U Rzj^^\ exactly as in (14.3.4.ip . 

I£\ 

6.1.2 Proposition. The reduced k-scheme underlying is projective. 

Proof. Abbreviate Z = Z{V) for the center of C{V). Using the isomorphism 

C{V)°P Gz C(V) ^ EndziD) (6.1.2.1) 

of 34.1.41 and the inclusion A^ C Vk C C{Vk)°^■, we denote by 

R C Endz,i{DK) 

the IP-subalgebra generated by AZ C{V) C Endz^(llA')- The isomorphism (16. 1.2. ID implies 
that R generates Endz^(Ilx) as a AT-vector space. Fix any maximal Z^y-order R with 

RC RC Endzi^{DK). 

As R and R are both VP-lattices in Endx(A*A')) we have p'^R C R for some positive integer m. 
Fix a IP-lattice M C Dk stable under the action of R. It is unique up to scaling by Z^. 

Suppose y G RZ^'^(/c), and use the quasi-isogeny py : Xq ---> Xy to view 

Mp = B(Ap)(W) 

as a VP-lattice in Dk = B(Ao)(VP)[l/p]. On one hand. My is stable under the action of CiV) 
defined by (]6.1.2.1D . Indeed, this action in precisely the action on My induced by the action of 
C{V)°P on Xy and contravariant functoriality; see 34.3.31 On the other hand, A'^ C End(Ay) by 

it) 

the very definition of RZj^G Combining these, we see that My is stable under the action of R, 
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and so we may define the i?-stable lattice My = R ■ My. By the uniqueness of M up to scaling, 
there is an a{y) ^ such that My = a{y)M, and so 

p^a{y)M cMyC a{y)M. 

First suppose that n is even, so that Zk = . The perfect symplectic form ips on C{Vw) 

induces a dual form on Dy/, which satisfies 

p^ijjs{Dw,Dw) = il^siMy, My) = a{y)'^ijjs{M, M). 

Thus the p-adic valuation of a{y) is constant as y varies, and we may choose a = a{y) to be 
independent of y. 

Now suppose that n is odd, so that Zk = K x K. Let ei, €2 G Zk be the orthogonal idempo- 
tents. In this case the dual form on Dyy satisfies 

p^'ips{(^iDw,(^iDw) = ip5{(^iMy,eiMy) = ai{y)^'il;s{eiM ,eiM) 

where ai(y) = ei{y)a{y). Again this shows that ai{y) has constant p-adic valuation as y varies, 
and we may take a = a{y) to be independent of y. 

In either case ap'^M C My C aM for all y. Combining this bound on My and the projectivity 
result of |R.Z96[ Corollary 2.29], we see that the closed immersion RZ RZ(Ao, Aq) realizes the 
reduced scheme underlying RZ^^ as a closed subscheme of a projective fc-scheme. □ 

6.2 Special lattices and the points of RZa 

Let k'/k be a finitely generated field extension. Let W be the Cohen ring of k\ set K' = VF'[l/p], 
and let a : W —>■ W be a lift of Frobenius chosen as in Proposition 12.4.81 This choice of a 
determines an operator F = 6 o u on Dx ', and an operator $ = 6 o <7 on Vx' ■ 

6.2.1 As in the proof of Proposition 16.1.21 each y G RZ(A:') determines a fPLlattice 

My=^]){Xy){W') C DX', 

and a fyLgubmodule Mi^y = F~^{pMy) as in ^2.1.51 Using the inclusion Vx' C Fndx'{Dx') 
obtained from (|4.1.5.1I1 . define kPLlattices 

Ly = {x€ Vx' : xMi^y C 

L^y = {x e Vx' : xMy C My). 

4# = {x€ Vx' : xMi^y C My). 

The action of p^ on RZ(A:') rescales the lattices My and Mi^y, and hence the three lattices defined 
above depend only on the image of y in p^\RZ(/c'). 

6.2.2 Proposition. For every y G RZ(A:') the lattice Ly is special (in the sense of IS 5. 21) . and 
satisfies ^^(Ly) = Ly and Ly + Ly = Ly. Moreover, y Ly establishes bijections 

p^\RZ(A:^) —>■ {special lattices L C Vx'} 

P^\RZa(A;^) —>■ {special lattices L C Vx' '■ A^/ C L C ^w')- 
Proof. As in ^2.41 we have the refined affine Deligne-Lusztig set 

= {gG G{K') : g-ha{g)p%p)-^ G G{W')}/Q{W'), 

where 

Q(w') = G{W')nfi{p-^)GiW')pip). 
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Recalling the action G SO(P) defined hy g • v = gvg for each g G define 

self-dual VP'-lattices 

Ll=g»Vw' and Lg = gg{p~^) • Vw ■ 

As the action of p» is trivial, these lattices depend only on the image of g modulo p^. 

First we show that g ^ Lg establishes a bijection 

p'^\XG,b,^i<^,< 7 ik') —> {special lattices in Vk'}- 

Given a <7 G Alg Lemma [4.2.21 fwhich holds with W replaced by W' throughout) implies 

{Lg+Ll)lLg^W'lpW'. 

Moreover, g~^ba{g)p^{p~^) G G{W') implies 

^*{Lg) = L#, (6.2.2.1) 

and so Lg is special. To prove injectivity, assume Lg = L^. Applying to both sides and 
using ()6.2.2.ip shows that l\ = It follows that h~^g lies in the intersection in G{K') of 
the stabilizers of Viy/ and p{p~^) • which is p^Q(W'). Thus g = h in p^\XQ^b,/^'^,a(k')- For 
surjectivity, suppose L is a special lattice. Lemma (4.2.21 implies the existence of a 51 G G{K') such 
that 

($*(L),L) = (5 • • IV')- 

This equality implies that g~^ba{g)p'^{p~^) stabilizes IV'j nnd so lies in p^GlW). The relation 
b G G{W)p,^{p)G{W) of Proposition 14.2.61 implies that 

r ] G { g ~^ ba { g ) p ^{ p ~^)) G (WY , 

and so in fact g~^ba{g)p^{p~^) G G{W'). Thus we have found a (7 G Xc^h^fi'’,o{k') with L = Lg. 

By Corollary 13.2.31 there is bijection WL{k') —> XG,b,bi'^,a{k'), defined by sending the point 
y G RZ(A:') to the unique g G Xc^h^fi'^,a{k') satisfying both 

My = g ■ Dw' and Mi^y = g ■ pp{p~^)Dw'- 

Assuming that y and g are related in this way, we claim that 

( 4 ,V) = ( 4 ,V). ( 6 . 2 . 2 . 2 ) 

To prove this, let R = {x G Vk' ■ xDy^i C Rvv'}- The inclusion Vw C B is obvious. For the other- 
inclusion note that any x G R must have Q{x) = x o x G W^ and so IV' C R C R^ C iVy/Y. 
The self-duality of IV' implies that equality holds throughout, and so 

IV' = {x G IV' ■ xDyyi c Rry'}- 

Applying g» to both sides of this equality proves Ly = 4, while applying gp{p~^)* to both sides 
proves Ly = Lg. 

We have now established bijections 

p'^\RZ{k') Y p^\^G,b,bi'^,a{k') V {special lattices L C IV'}- 

The relation $*(Ly) = Ly follows from (16.2.2.ip and (|6.2.2.2D . We verify Ly-\-L\ = as follows: 
Using the calculations of ^4.2.11 one can show 

p,{p ^) • IV' -|- IV' = {x G IV' • xp,{p ^)Dyi/i C Riy'}- (6.2.2.3) 


50 


















Rapoport-Zink spaces for spinor groups 


If y G WL[k') corresponds to 5 G under the bijection above, then applying to 

both sides of (|6.2.2.3p yields 

lI + Ly = lI + Lg = {x e Vk’ : {g~^xg)g{p~^) ■ Dw' C Dw'} 

= {x G Vk' : xMy C My} 

= L#« 

Uy 

Finally, a point y G p^\RZ(A:') lies in the subset p^\RZa(A:') if and only if the quasi- 
endomorphisms C End(-Dj<'/) stabilize both lattices Mi^y C My. This is equivalent to the 
condition C Ly n Ly, and so 

p^\RZA(fc^) —?> {special lattices L C Vk' ■ A^ C L H 
= (special lattices L C Vk' ■ A'^ C L} 

= (special lattices L C Vk' ■ A^/ C L C ^w'}- 

Here we have used first the fact that all elements of A^ are fixed by $, and then the fact that 
special lattices are self-dual. This completes the proof of Proposition 16.2.21 □ 


6.2.3 Corollary. We have 

RZ{k) = IJ RZa(A:). 

A 

^A~^max 

Proof. Suppose y G WL[k). Let Ly C Vk be the corresponding special lattice of Proposition 16.2.21 
and let A{Ly) be the vertex lattice of Proposition 15.2.21 By Proposition 15.1.21 there is a vertex 
lattice A D A{Ly) with = fmaxj and clearly 

A^ C A{Ly)'^ = {x e Ly : d>(a;) = x} C Ly. 

The self-duality of Ly implies A^ G Ly G A\y, and so y G RZa(A:). □ 


6.2.4 Corollary. For any vertex lattices Ai and A 2 we have 

n\ n\ l ^^MnA 2 (^) M C A 2 IS a vertcx lattice 

RZai(A;) nRZAalfc) = ( 

I (/) otherwise. 

Proof. The proof is the same as |HTW14l Proposition 4.3(ii)]. 


□ 


6.3 Comparison of RZa and 5 a 

Fix a vertex lattice A C V^. Comparing Proposition 16.2.2] with the bijection of ^5.3.11 yields 
bijections 

p'^\RZ\{k) AA (special lattices L G Vk ■ A^ G L G Aw} -A S\{k), 
and similarly for any finitely generated field extension k'/k. 

6.3.1 Theorem. Let RZ^'^ be the reduced k-scheme underlying RZa. There is a unique isomor¬ 
phism of k-schemes 

p\RZ^j^^ AA 5 a 

inducing the above bijection on k-points. 

Proof. First we construct a morphism RZy^*^ —)• S\. Suppose we are given an i?-point y G 
RZjY‘^(R) for some reduced b-algebra R of finite type. Pulling back the universal object of ^4.3.31 
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yields a triple {Xy,py, Xy) over R in which Xy is ap-divisible group, Xy is a principal polarization, 
and py : X^/ji Xy is a quasi-isogeny. Moreover, x ^ p o x o p~^ defines a Zp-module map 

A'^ ^ po A'^ o p~^ C End(Xy). 

Let ^y = 'S}{Xy){R) be the contravariant crystal of Xy evaluated at the trivial divided power 
thickening R ^ R, and let Fil^(^y) C &y be the Hodge filtration. The locally free /^-modules 
Fil^(^y) C ^y depend functorially on Xy, and so —>■ Fnd(Xy) induces i?-module maps 

: (A'^/pA^) R ^ RndR{%) 

and 

: (A^'/pA^) 0F, R ^ Fndrj(^i) 

with ker(0t*) C ker((^ttf*). 

The bilinear form on A^ induces an i?-valued bilinear form on (A^/pA^) (8)Fp R, and any 
xi, 3:2 € (A^/pA^) Gfp R satisfy 

xi o a ;2 + X 2 o xi = [xi, X 2 ] G R 

as endomorphisms of &y. In particular, if xi G then [xi,X 2 ] = 0, as the value of the 

scalar [x\,X2] can be computed from its action on Fil^(^y), which is obviously trivial. This 
shows that ker((/>lt^) is contained in the radical of the quadratic space (A^/pA^) Gf^ R-, which is 
{pA/pA'^) (g>Fp R- Recalling the ^-quadratic space H = (A/A^) (8)Fp k from ^5.3.11 let 

C .iff C H Gfc R 

be the images of ker((/>tt) C under the isomorphism 

{pA/pA^) ®Fp R ^ ®k R- 

Suppose for the moment that R = k. Recalling from ^6.2.11 (with k' = k) the LT-modules 
AR^y C Xly, there is an isomorphism ^y —?> My/pMy identifying Fil^(^y) —> Mi^y/pMy. The 
subspaces 

C C H ^ (Aiv/A^) 

correspond to lattices A^ C Ty C L^y C Ay/, and tracing through the definitions shows that 
these are none other than the lattices 

= {x G Fk : xXIy = My} and = {x G : xXR^y C My} 

appearing in ^6.2.11 Comparison with Proposition 16.2.21 shows that = Ly + Ly, where Ly is 
the special lattice 

Ly = {x e Vk ■ xMy C My} 

satisfying ^{Ly) = Ly. Noting that A^ G Ly G Ayy, we denote by L^'y G Ll the A:-subspace 
corresponding to Ly. 

The self-duality of the IF-lattices Ly and Ly implies that the corresponding /c-subspaces .^y 
and of H are maximal isotropic, and so have dimension 1^/2. The specialness of Ly also implies 
that = L^'y+.^y has dimension (tA/2) + l. It follows that (j^f )-*- C .iff with codimension 2, 
and that the quotient J^f/(j^f )■*“ is a hyperbolic plane over k. The subspaces (.if **)■*“ and 
.if/(.iff are its unique isotropic lines. 
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Now return to a general reduced R of finite type. The submodule C (8)fc i? is a totally 
isotropic local direct summand of rank tx/2, and C is a local direct summand of rank 

{t\/2) +1. Indeed, by |Lan02[ Exercise X.16] it suffices to check these properties fiber-by-hber at 
the closed points of Spec(ii), which is precisely what we did in the R = k case above. 

By similar reasoning the quotient / {^y^)'^ is a hyperbolic plane over R, and so contains 
exactly two isotropic local direct summands of rank one. One of them is ££y j, and the 
other has the form ££y j for a uniquely determined Lagrangian C (8)fc R- By again 
reducing to the R = k case treated above, we see that ^{^y) = ^y, and so 

^y + H^y)=^y+^^=^f 

is a local direct summand of rank {t\/2) + 1. In other words, ^y G S\{R). 

The /c-scheme is itself reduced and locally of finite type, and so the rule y i—defines 

(at last) the promised morphism RZ^^*^ ^ iSa. It is clear from the construction that the morphism 
descends to 

/VRZX®'^ ^ Sa (6.3.1.1) 

and induces the desired bijection on /c-points. In fact, the generality of Proposition 16.2.21 shows 
that this morphism induces a bijection 

p^\RZ^f{k') ^ SA{k') 

for any extension field k'/k. In particular (|6.3.1.1I) is birational and quasi-hnite. It is a proper 
morphism, as Proposition 16 .1. 2) implies that p^\RZ)y‘^ is projective. The variety Sa is smooth by 
Proposition 15.3.21 and so Zariski’s main theorem implies that (16.3.l.ip is an isomorphism. □ 

Recall from Proposition 15.3.2] that Sa has two connected components. The two components 
are isomorphic, and are labelled (arbitrarily) as S^ and 

6.3.2 Corollary. The reduced scheme underlying RZ)^^ is connected and nonempty, 

and is isomorphic to S^. 

Proof. The action of on RZa identifies RZ^^ —RZ^"*~^\ and so it suffices to assume ^ G {0,1}. 
Moreover, we know from Proposition 16.2.21 that 

RZ(0),red ^ ^ ^ S+U Si- 

These leaves two possibilities: either each of RZ®’'^®'^ and is connected and isomorphic 

to S^, or one of them is empty and the other has two connected components. To complete the 
proof of the corollary, it therefore suffices to show that RZ®’'^^^ and are nonempty. 

First suppose that A has type tA = 2. In this case one can easily check that Sa consists of 
two points, and so the same is true of There is a IT-basis ei,..., of A such that the 

matrix of the bilinear form is 

/ uip-^ 

U2P~^ 

for some tti,..., G . 

Let Tj G 0(V^)(Qp) be the reflection with e* i-A — e* and Cj i— >■ ej for all j ^ i. The spinor 


53 



















Benjamin Howard and Georgios Pappas 


norm of rir^, in the sense of |Kit93| . is 

= Q(ei)Q(e3)GQpV(Q;)"- 

The spinor norm of [Kit93| is compatible with the spinor similitude of ^4.1.31 in the sense that 
any lift of rirs G SO(V^)(Qp) to 

g G GSpin(V^)(Qp) ^ MQp) 

satisfies gtid) = Q{si)Q{s 3 ) up to scaling by (Qp )^. Thus 

ordp(%( 5 )) = 1 (mod 2 ). 

By this calculation and the discussion of 94.3.41 g acts on 

and interchanges the two subsets on the right. Thus each is nonempty, and in fact each is a single 
reduced point. 

For general A, Proposition 15.1.41 allows us to pick a type 2 vertex lattice A 2 C A. Combining 
Corollary 16.2.41 with the paragraph above shows that 0 7 ^ C □ 


6.4 The main result 

We can now prove our main result on the structure of the reduced scheme 

RZ’’®^ = y RZW’’’"^. 

i£Z 


(£) red 

For each vertex lattice A, recall that is the reduced A:-scheme underlying the formal 

W-scheme RZj^^^ = RZa C RZ^^^. 


6 . 4.1 Theorem. For each i the k-scheme RZ^^^’’’®^ is connected. Each closed subscheme 
is projective and smooth of dimension {t\/2) — 1, and is isomorphic to S^. The irreducible 
components of RZ^^^’’’®'^ are precisely the closed subschemes as A runs over the vertex 

lattices of maximal type t\ = fmax? and in particular RZ’^®'^ is equidimensional with 


dim(RZ''®^) 


n — 4 

if n is even and det(VQp) 

, , n 

= (-1)2 

n — 3 

if n is odd 


n — 2 

if n is even and det(VQp) 

+ (-1)2 


Proof. For any vertex lattice A C VB, Corollary 16.3.21 and Proposition 15.3.21 tell us that 




is irreducible, projective, and smooth of dimension {t^/2) — 1 . 
Corollary 16.2.31 implies that 

RZ^^)’"®'^ = IJ RZ 


(£)5red 
'A ’ 


(6.4.1.1) 


A 

^A~^niax 


and so the irreducible components of RZ^^^’’’®'^ are precisely the with A of maximal type 

imax- This proves all parts of the claim, except for the connectedness of RZ*-^^’’’®'^. 
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Suppose that Ai ~ A 2 are adjacent vertex lattices. If Ai C A 2 then Corollary 16. 2. 41 implies that 
and lie on the same connected component of RZ^^^. Of course similar remarks 

hold if A 2 C Ai. Proposition [5d3] shows that any two vertex lattices are connected by a chain of 
adjacent vertex lattices, and so all of the closed subschemes he on the same connected 

component of The equality (I6.4.1.ip now shows that is connected. □ 


6.4.2 Remark. When n is odd the center of C ~^ iy ) is Zp. When n is even the center of C ~^{ y ) 
is the maximal Zp-order in R = Q_p{x\/{x^ — A), where A = (—1)2 det(VQp). Thus for n even 


dim(RZ’'®'i) 


(n/2) - 2 if F ^ Qp X Qp 
(n/2)-l ifF^Qp2. 


6.4.3 Remark. The dimension formula of Theorem 16.4.11 verihes a case of a conjecture of Chai 
and of Rapoport |GHKRl)6l |RapO^ . According to this conjecture, we should have 

dim(RZ''®‘^) = (p,/r - - idefG(fe). 

Here, ^ is assumed to be a dominant representative of the conjugacy class {^}, p is the half sum 
of all absolute positive roots of G and by definition, 


defG(6) = rankQp(G) - rankQp(J6). 

In our case, (p, ^ — Vb) = (P)P) = {n — 2)/2, while we have defG(fe) = 2, 1, or 0, in the three 
cases listed in the Theorem (in that order). Indeed, defG(&) is the difference between the Witt 
indices of Vq^ and and this can be determined as in the proof of Proposition 15.1.21 The above 
dimension formula has recently been shown, for the all (unramified) Rapoport-Zink spaces of 
Hodee tvoe defined in this paper, bv Hamacher |Haml6j and bv Zhane |Zha m- 


6.5 The Bruhat-Tits stratification 

Using the collection of closed subschemes RZj^'^ of RZ'^®^, we explain how to define a stratification 
of RZ'’®^, in which each stratum is the Deligne-Lusztig variety determined by a Coxeter element 
in a special orthogonal group over Fp. 

6.5.1 Recall from Corollary 16.2.41 that A' C A implies RZjy*^ C RZj^'^. For each vertex lattice A 
define the Bruhat-Tits stratum 

BTa = RZX^'^\ IJ RZXf. 

A'CA 

It is an open and dense subscheme of RZj^^, and 

= U BTa 
A'cA 

defines a stratification of RZj^'^ as a disjoint union of locally closed subschemes. 

6.5.2 Similarly 

RZ"®^ = IJ BTa 

all A 

defines a stratification of RZ’’®'^ as a disjoint union of locally closed subschemes. This is the GSpin 
analogue of the Bruhat-Tits stratification for unitary Rapoport-Zink spaces found in |VW11) and 
|RTW 14] . However, this terminology should be taken with a grain of salt: unlike in [loc. cit.] the 
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strata here are not in bijection with the vertices in the Bruhat-Tits building of the group 
See [HPT41 §2.7] for more details in the special case n = 6 . 

6.5.3 For a special lattice L C Vk-, recall from Proposition 15.2.2] the vertex lattice A(L) charac¬ 
terized by 

A{LY = {x G L : d>(x) = x}. 

If we rewrite the bijections of Theorem 16.3.11 and ^5. 3. H as 
p^\RVf{k) ^ SA{k) 

—{special lattices L C Vk ■ C L} 

= {special lattices L C Vk ■ A(L) C A}, 

the inclusion BTa C identihes 

p'^\BT\{k) —> {special lattices L C Vk ■ A(L) = A} 

= {special lattices L C Vk ■ L -|- ^{L) = Awl- 

6.5.4 Fix a vertex lattice A of type = 2d, and recall from 35.3. li the 2(i-dimensional Fp-quadratic 
space Hq = A/A^. Set 

H = Ho <^Fp k —> Aw/Aw, 
and let $ = id G u be the Frobenius on H. 

We recall the set-up of |HP14[ §3.2]. Fix a basis {ei,..., e^, /i,..., fd} of H in such a way that 
Span;j{ei,..., e^} and Span;j{/i,..., fd} are totally isotropic, [ei, fj] = 5ij, and the Frobenius 
$ fixes ei,... ,ed-i, fi, ■ ■ ■, fd-i but interchanges -H- fd- This choice of basis determines a 
maximal <I>-stable torus T C SO(H). 

The isotropic flags and in H defined by 

= Span^{ei,..., Cj} for 1 ^ i ^ d — 1 
= Span;,{ei,.. .,ed-i,ed} 

^d = Spanfc{ei,... , ed-\,fd}- 

satisfy = $(#’^), and have the same stabilizer B C SO(fl). It is a ^-stable Borel subgroup 
containing T. The corresponding set of simple reflections in the Weyl group W = N{T)/T is 
{si,...,Srf_ 2 ,t+,t“} where 

— Si interchanges -fA e^+i and fi -fA /j+i, and fixes the other basis elements. 

— interchanges e^-i -H- Cd and fd-i -tA fd, and fixes the other basis elements. 

— t~ interchanges e^-i -H- fd and fd-i -H- e^, and fixes the other basis elements. 

Notice that = Si, and = t^, and so the products 

= t^Sd-2 ■ ■ ■ -52-51 G W 

are Coxeter elements: products of exactly one representative from each <I>-orbit in the set of simple 
reflections above. 

6.5.5 The Deligne-Lusztig variety 

Xb{w^) = {g & SO(H)/R : inv( 5 (, $( 5 )) = 
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is a smooth quasi-projective fc-variety of dimension d—1. Here inv is the relative position invariant 
S 0 ( 0 )/R X SO(Q)/R B\SO{n)/B ^ W. 

6.5.6 Theorem. There are isomorphisms Xb{w~^) ^ Xb{w~), and 

p\BTa ^ Xb{w+) U XBiw-). 

Proof. Recall that the /c-variety 

SA{k) = {Lagrangians TT C ^ : dimfc(.if -|- <h(.if)) = d -|- 1}. 

has two connected components Xj^ and Xf^, interchanged by the action of any g G 0 (Oo)(Fp) 
with det(( 7 ) = — 1 . 

After possibly relabeling and [HP 141 Proposition 3.8] gives an open immersion 

Xb{w^) —)• defined by 5 i-A Thus 

Xb{w^) U Xb{w~) C S'a 

as an open subset with /c-points 

XB{w^){k) = {jZ' € S^{k) : TT n 4>(jZ') n 4>2(j^) n • • • n = 0} 

= {^ € S^{k) : TT + 4>(^) + 4>2(j^) + • • • + = !d}. 

The action of any g as above interchanges Xb{w^) with Xb{w~). 

By ^6.5.31 we have bijections 

/\BTa(A:) ^ G SA{k) : ^ + • • • + = 0} 

^ XB{w~^){k) U XB{w~){k). 

This is nothing more than the restriction of the isomorphism p^\RZj\'^ —> Sa of Theorem 16.3. H 
and hence arises from an isomorphism of varieties 

/\BTa ^ XBiw+) U Xb{w-). 

□ 

6.5.7 Remark. The quotient p^\RZj^‘^ is itself isomorphic to a disjoint union of two Deligne- 
Lusztig varieties. Indeed, if C SO(fi) denotes the maximal parabolic subgroup stabilizing 

then [HP 141 Proposition 3.6] shows that 

/\RZa ^5a ^Xp+(l)uAp-(l). 

7. Shimura varieties for spinor similitude groups 

Finally, we apply our results to study the supersingular loci of Shimura varieties of type GSpin. 
Throughout ^ we fix a quadratic space {V, Q) of signature (n — 2,2) over . We always assume 
that n ^ 3, and that the corresponding bilinear form [x, y] induces an isomorphism from V to its 
Z(p)-linear dual. 

7.1 The GSpin Shimura variety 

First, we attach to the quadratic space V a Shimura variety of Hodge type. 
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7.1.1 As in the local set-up of ^4.1.21 the Clifford algebra CiV) is endowed with a Z/2Z-grading 
C{V) = C^iy) © C~iy) and a canonical involution c i-a c*. The group of spinor similitudes 
G = GSpin(P) is the reductive group over defined by 

G{R) = {5 G G+(Vr)^ : gVag-^ = Vr, g*g G 

for any Z(p)-algebra R. As before, the spinor similitude go ■ G ^ Gm is defined by gcid) = 9*9^ 
and there is a representation G —> SO(P) defined hy g • v = gvg~^. By slight abuse of notation, 
we denote again by G the generic fiber of the Zj-p^-group scheme G just defined. 

7.1.2 As in (ll.2.1.2p . define a hermitian symmetric domain 

n = {zeVc: lz,z] = 0, [z,z] < 0}/C^ 

of dimension n — 2. The group G(M) acts on R through the representation G —>■ SO(P), and the 
action of any g G G(M) with 90(9) < 0 interchanges the two connected components of R. 

Writing z^Rasz = u + iv with u,v (z VJr, the subspace Spanjgju, v} is a negative definite 
plane in VJr, oriented by the ordered orthogonal basis u,v. There are natural M-algebra maps 

C ^ C+(SpanR{u,u}) ^ C+(Mk). 

The first is determined by 

uv 

^/Q{u)Q{v) ’ 

and the second is induced by the inclusion Spangju, v} C V®. The above composition restricts to 
an injection —)■ G(M), which arises from a morphism ‘■'B ^ Gr of real algebraic groups. 

Here § = Resc/RGm is Deligne’s torus. The construction z ^ hz realizes R C Hom(S, Gr) as a 
G(M)-conjugacy class. 

Using the conventions of |Del79| . the Hodge structure on V determined by hz is 

= Cz, = {Cz + Czy, = Cz. (7.1.2.1) 

7.1.3 The Z(p)-quadratic space V admits an orthogonal basis, and so one can choose orthogonal 

vectors e, / G U of negative length with Q{e),Q{f) G If we set 5 = ef ^ G(U)^ then, 

exactly as in ^4.1.41 5 determines a perfect G-equivariant symplectic form 

^l^s-.cy) g(u)^Z(p)(7/g), 

where G acts on G{V) via left multiplication. For any z € R the bilinear form ^l;sihz{i)cl, C2) on 
G(Ug) is either positive definite or negative definite, depending on the connected component of 
R containing z. 

The Hodge structure on G(Vq) determined by hz G Hom(§, Gr) is 
G(Uc)^°’"^^ = zC{Vc), G(Uc)^"^’°^ = ^G(Uc). 

From this it follows that the faithful representation 

G^GSp(G(U),V'5) 

defines a morphism of Shimura data from (G, R) to the Siegel Shimura datum determined by the 
symplectic space {C{V)ys). 

7.1.4 Define a hyperspecial subgroup Up = G(Zp) of G(Qp), and choose any sufficiently small 
compact open subgroup C G(Aj). Setting U = UpU^, there is an associated Shimura variety 
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Sh(7(G,'H) over Q with complex points 

Shu{G,n){C) = GiQ)\n X G{Af)/U. 

Let 2g = dimC'(VQ) = 2” so that, as in ^3.1[ the morphism of Shimura data (G,'H) — >■ 
{GSp 2 gj'H- 2 g) constructed in ^ 7.1.3 1 determines a morphism from Sh{/(G,L^) to a moduli space of 
polarized abelian varieties up to prime to p-isogeny. Pulling back the universal object over this 
moduli space yields an abelian scheme up to prime to p-isogeny 

A^Shu{G,n), 

often called the Kuga-Satake abelian scheme-, see |MP16| for more information. 

The fiber of the Kuga-Satake abelian scheme at a point {z,g) (z Ti x G{Af) can be made 
very explicit: it is the abelian variety up to prime-to-p-isogeny whose Betti homology is the 

Z(p)-module 

Hi(A(,,,)(C),Z(p)) = 5-C(K)cC(Kq) 

with the Hodge structure defined above. Note that carries a prime-to-p polarization A 

inherited from the symplectic form ^jJs, and an action of G{V)°^ induced by the right multiplication 
action of G{V) on itself. 


7.2 Uniformization of the supersingular locus 

As in 33.11 let = ^u{G,TA) be Kisin’s [KislDj smooth integral model of S\ii[{G,'H) over 
and let 

= '^^^UPUp{G,'H). 

UP 

By the very construction of the integral model, the Kuga-Satake abelian scheme extends to an 
abelian scheme up to prime to p-isogeny A ^ AA. 

7.2.1 We denote by 

^5. C ^ A: 

the supersingular locus: the largest reduced closed subscheme over which the Kuga-Satake abelian 
scheme is supersingular. The fiber of A at any point of SA k is supersingular if and only if its 
p-divisible group is isoclinic. Thus Lemma 14.2.41 implies that the supersingular locus is precisely 
the basic locus. Moreover, along the supersingular locus the slope of the universal p-divisible 
group must by 1/2, and so the classification of basic elements in Proposition 14.2..^ tells us that 
AAgs must be the Newton stratum for the basic h appearing in Proposition 14.2.61 
Denote by the formal completion of along 

7.2.2 Lemma. The supersingular locus SAgg is nonempty. 

Proof. This can be understood as a special case of recent results on the non-emptiness of the 
basic locus in Hodge type Shimura varieties; see Remark 11.1.31 Here we give a direct argument. 

Let Vqq C Vq be a rational 2-plane on which Q is negative definite. The Z/2Z-grading on 
the Clifford algebra of Vqq has the simple form C(Voq) = T 0 VoQ) where the even part is the 
quadratic imaginary field 

F = Q (^y/-det(KoQ)) . 
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We leave it as an exercise to the reader to check that one may choose Vqq so that p is inert in F 
(reduce to the case n = 3, and use the classification of quadratic forms from |Ser73| l. 

The action of F by left multiplication makes Vqq into an T-vector space of dimension 1. The 
C-quadratic space Vq£ is a hyperbolic plane, and its two isotropic lines are distinguished by the 
two embeddings T —> C: on one line F acts through one embedding, and on the other F acts 
through the conjugate embedding. These two lines determine two points of Ti, and we pick one 
of them zq G Ti. For any g G G{Af), an exercise in linear algebra shows that isogenous 

to a product of elliptic curves with complex multiplication by F. 

Let xc G =y'(C) be the point defined by {zo,g). This is a special point in the sense of Deligne, 
and so the underlying point x G =5^ has residue field a finite extension of Q. By completing the 
residue field at a prime above p and passing to its maximal unramified extension, we obtain a finite 
extension <f>/Qp“ and a point x# G above x. As the Kuga-Satake abelian scheme Ax^ has 

complex multiplication, the criterion of Neron-Ogg-Shafarevich guarantees that we may replace 
by a finite extension so that the Gadic Tate module of Ax^ is unramified for all i ^ p. The 
extension property of Kisin’s integral models now gives an extension of x<j> to a point of ^(0$), 
whose reduction to S^{k) is necessarily supersingular (as p is inert in the CM field F). □ 

7.2.3 Proposition. There exists a point x G ^Upik) such that the local Hodge-Shimura datum 
{Gzp,bx, Px,C{Vzp)) obtained from x (by the procedure of Ii3.1.4\) agrees with the local Hodge- 
Shimura datum of Proposition 14.2.61 


Proof. Let b and p, be as in Proposition 14.2.61 Using Lemma 17.2.21 we can find a point 


xo G ^ssik) = y'b{k), 


which determines a local Shimura-Hodge datum {Gzp,bxQ, PxojG{Vzp)) as in 33.1.41 

The cocharacters pxo p are G(PU)-conjugate. Indeed, using (17.1.2.ip . one can see that the 
conjugacy class of both px^ and p is characterized as the set of all characters GmW Gw such 
that the composition 


GmW —^ Gw GmW 


is z I—J z ^, and such that the induced grading on Vw has the form Vw = Ti © To © -T_i, in which 
Fi and T_i are isotropic lines orthogonal to Tq- 

The results of 34.21 now show that there is a unique a-conjugacy class of basic elements in 
G{K) making Dk = Hom(C'(V;^), K) into an isocrystal of slope 1/2, and hence the basic elements 
hxQ and b are a-conjugate. Thus the claim follows from Remark 13.2.151 □ 


Let Vq be the unique positive definite quadratic space over Q with the same dimension and 
determinant as Vq, but with Hasse invariant 


e 



) 


e(%) 

-e(%) 


if £ / p 
if £ = p 


for all finite primes i. Let I' = GSpin(VQ) be the corresponding spinor similitude group over Q, 
and let rjj/ : I' —)■ Gm be the spinor similitude. 

The uniformization Theorem 13.3.21 now gives the following result. 


7.2.4 Theorem. There is an isomorphism of formal W-schemes 

/'(Q)\RZ X G(AP}/UP ^ 

for suitable isomorphisms I'(Qp) ^ Jb{Qp)j ^nd F(^i) ^ G(Q£) for i ^ p. 
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Proof. Since ^5^^^ = this will follow from Theorem 13.3.21 after we show that the group I in 
the statement of Theorem 13.3.21 can be identified with the group I' = GSpin(VQ) above. 

The group I' = GSpin(VQ) is an inner form of G: Since Vq and Vq have the same dimension 
and determinant, we can find an isomorphism of quadratic spaces 


which produces a Galois cocycle a i—>■ ^ with values in SO(Vq)(Q). Composing this with 

SO(Vq) —>■ gives a class P G H^(Q, G^*^) which defines I' = GSpin(VQ). Notice that is 
isomorphic to , for all i p, and is isomorphic to . 

The group I is also an inner form of G. In fact, by the remarks that follow part (iv) of the 
definition of a Kottwitz triple in |Kisl31 (4.3)], I is uniquely determined as an inner form (or 
more correctly an inner twist) of G by the local inner twisting isomorphisms at hnite places, 
and the fact that /jr is anisotropic modulo center. (This uses the Hasse principle for adjoint 
groups, see |PR94[ §6.5, Theorem 6.22], and the fact that there is a unique element of H^(M, G'^^) 
which corresponds to the compact modulo center form of Gr, see [Kot92[ p. 423]). Therefore, I 
is given by a well-defined cohomology class c G H^(Q, G^^) with prescribed localizations in 
H^(Q„, G®"*^), for all places v of Q. 

By the definition of the classes c„, as provided by the inner twists coming from the Kottwitz 
triple given by xq, C£ is trivial for i p, while Cp corresponds to the inner twist GSpin(I/^); as 
^ have Cp = dp. Hence, for all finite places v of Q. Also since is positive 

definite, we have as above Cqo = d^. The result then follows as above, by the Hasse principle for 
adjoint groups. □ 

From here on we identify 

I = I'= GSpin(K4). 

7.2.5 Remark. As in the proof of Theorem 13.3.21 the group I = GSpin(bQ) acts as quasi- 
endomorphisms of the fiber Ax^ of the Kuga-Satake abelian scheme at the base point xq G fd'up{k)- 
The action I C End(Axo)Q be explained as follows: the fiber Axq, like every fiber of the 
Kuga-Satake abelian scheme, comes endowed with a collection of special quasi-endomorphisms 
V{Axq) C End(A3;p)Q as in |MP161 §5]. This is a quadratic space over Q, with quadratic form 
determined hy v o v = Q{v) ■ id. For any fiber the space of special endomorphisms has dimension 
^ dim(VQ), and equality holds precisely at supersingular points. In fact, using |MP151 Theorem 
6.4], the supersingularity of A^o implies that V{Axq) —>■ Vq. After fixing such an isomorphism, 
we obtain an injection Vq —End(Aa;p)Q, which, by the universal property of Clifford algebras, 
extends to ring homomorphism C{Vq) —)• End(A2;p)Q. This homomorphism then restricts to a 
homomorphism of groups 

GSpin(KQ) End(A^jQ. 

7.2.6 Recalling the decomposition RZ = jj^g^ RZ^^^ of RZ into its connected components, we 
may rewrite the uniformization of Theorem 17.2.41 as an isomorphism 

{^)/yss ^ ^(Q)o\RZW X G{AP)/UP, 

where 

m)o = ker(/(Q) Qx ^ 
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is the common stabilizer in /(Q) of the connected components of RZ. This may be further 
rewritten as 

^ U r,\RZW, (7.2.6.1) 

ge/(Q)o\G(Ap/;7P 

where Tg = I(Q)o n gUPg~^. 


7.3 Structure of the supersingular locus 

As in the proof of Theorem 17.2.41 we may identify 






as Qp-quadratic spaces. In particular, we obtain from Definition 15. 1.1 1 the notion of a vertex lattice 
A C whose type t\ = dim]p'p(A/A'^) is a positive even integer less than or equal to the integer 


W of (fTTTTD . 


7.3.1 Fix a vertex lattice A C Vq . Exactly as in ^5.3.11 endow Hq = A/A'^ with the rescaled 
Fp-valued quadratic formpQ. Set H = Ho<8)Fp^) and let S\ be the reduced fc-scheme with Rpoints 

SA{k) = |Lagrangians JZ' C H : dimfc(.if + ^ ^ 

where ‘h = id(8)cr is the absolute Frobenius on H. Recall from Proposition 15. 3. 2] that Sa = S'^US'^ 
has two connected components. The components are isomorphic, and each is projective and 
smooth of dimension (tA/2) — 1- Up to isomorphism, Sa depends only on the type tA- 


7.3.2 Taking the reduced scheme underlying both sides of (17.2.6.11) yields an isomorphism 

^ U rg\RZ^^kred_ 

geI{Q)o\G{AP)/UP 

From this, the description of of Theorem 16.4.11 and an argument as in the proof of 

[VollOl Theorem 6.1] we deduce the following result. 


7.3.3 Theorem. For all C G{hlFj) sufficiently small, the following hold: 

(i) Each of the k-schemes rg\RZ*'°^’''®^ is connected. 

(ii) The irreducible components of are in bijection with the set of orbits 

Tg\{vertex lattices of type tmax}; 

and the irreducible component indexed by a vertex lattice A is isomorphic to S^. In par¬ 
ticular, all irreducible components are isomorphic to one another, and are projective and 
smooth of dimension 

dim(^,,) = ^ - 1. 

□ 


Appendix A. Maximal lattices 

For the reader’s convenience we recall two results on maximal lattices in quadratic spaces, used 
in several places in the body of the article. 
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A.l Eichler’s theorem and the Elementary Divisor Theorem 

Let E be a field, complete with respect to a discrete valuation. Denote by O the valuation ring 
of F. Suppose R is a finite dimensional E-vector space endowed with a nondegenerate quadratic 
form q : V F, and let 

[x, y] = q{x + y)- q{x) - q{y) 
be the bilinear form determined by q. 

A. 1.1 Definition. By a lattice in V we mean a free O-submodule M C V with rankc)(M) = 
dimj?(R). A lattice M is maximal (with respect to q) if q{M) C O, and if M is not properly 
contained in any other lattice with this property. The dual M'^ of the lattice M is 

M'^ = {x € R : [x,m] G O, Mm G M}. 

The lattice M is called self-dual if M = M^. 

For a proof of the following, see |Ger081 Theorem 8.8]. 

A. 1.2 Theorem (Eichler). All maximal lattices in V are isomorphic as O-quadratic spaces. If 
V is anisotropic, then it has a unique maximal lattice 

M = {x G R ; qix) G O], 

A. 1.3 Theorem (Elementary divisor theorem). Suppose A and B are maximal lattices in V. 
There is a decomposition 

R = Eei © E/i © • • • © Ee,, © Ffr © Rq, 
in which Vq is anisotropic and orthogonal to all Ci and all fi, 

\ei,ej\ = 0, [fij fj] — 0) [G)/j] = ^i,j^ 

and 

A = Oei © Ofi © • • • © Oer © Ofr © Mq 
B = (/3l)ei © {Pi ^)/i © • • • © {Pr)Sr © {Pr ^)fr ® -^Oj 
for some Pi,... ,Pr G E^. Here (x) = Ox, and Mq C Vq is the unique maximal lattice in Vq. 
Proof. By applying [GerOSi Lemma 6.36] inductively, there is an orthogonal decomposition 

R = El © • • • © © Ro 

in which each Hi is a hyperbolic plane, Vq is anisotropic, and 

A = (A n El) © • • • © (A n Er) © (A n Ro) 

E = (E n El) © • • • © (E n Er) © (E n Ro). 

The maximality of A implies that each A n Ej is a maximal lattice of Ej, and that A n Vq is a 
maximal lattice of Vq. Of course similar remarks apply to E, and in particular 

A n Ro = {x G Ro : q{x) G O} = E n Ro 

by Theorem lA.1.21 

Choose a basis Cj, fi G Hi such that q{ei) = q{fi) = 0 and [cj, /j] = 1. Using the fact that Ee, 
and Ffi are the unique isotropic lines in Hi, it follows from |Ger08l Lemma 6.35] that 

A n Ej = {ai)ei © {ap^)fi 

E n Ej = {Pi)ei © {p-^)fi 
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for some Ui, jSi G . The desired decomposition of V is now obtained by rescaling e* and /j so 
that ai = 1. □ 


References 

Asg02 M. Asgari, Local L-functions for split spinor groups, Canad. J. Math. 54 (2002), no. 4, 673-693. 
MR 1913914 (20031:11062) 

Bas74 H. Bass, Clifford algebras and spinor norms over a commutative ring, Amer. J. Math. 96 
(1974), 156-206. MR 0360645 (50 #13092) 

BBM82 P. Berthelot, L. Breen, and W. Messing, Theorie de Dieudonne cristalline. II, Lecture Notes 
in Mathematics, vol. 930, Springer-Verlag, Berlin, 1982. MR 667344 (85k:14023) 

Ber96 P. Berthelot, Cohomologie rigide et cohomologie rigide a supports propres. Premiere partie, 
Preprint. IRMAR 96-03, 89 pp (available at http://perso.univ-rennesl.fr/pierre.berthelot), 
1996. 

BM90 P. Berthelot and W. Messing, Theorie de Dieudonne cristalline. III. Theoremes d’equivalence 
et de pleine fidelite, The Grothendieck Festschrift, Vol. I, Progr. Math., vol. 86 , Birkhauser 
Boston, Boston, MA, 1990, pp. 173-247. MR 1086886 (92h:14012) 

BS15 B. Bhatt and P. Scholze, Projectivitv of the Witt vector affine Grassmannian, Preprint, 
arXiv: 1507.06490, 2015. 

CKV15 M. Chen, M. Kisin, and E. Viehmann, Connected components of affine Deligne-Lusztig varieties 
in mixed characteristic. Compos. Math. 151 (2015), no. 9, 1697-1762. MR 3406443 

CV15 M. Chen and E. Viehmann, Affine Deliqne-Lusztig varieties and the action of J, Preprint. 
arXiv: 1507.02806, 2015. 

Del79 P. Deligne, Varietes de Shimura: interpretation modulaire, et techniques de construction de 
modeles canoniques, Automorphic forms, representations and L-functions (Proc. Sympos. Pure 
Math., Oregon State Univ., Corvallis, Ore., 1977), Part 2, Proc. Sympos. Pure Math., XXXIII, 
Amer. Math. Soc., Providence, R.I., 1979, pp. 247-289. MR 546620 (81i:10032) 

dJ95 A. J. de Jong, Crystalline Dieudonne module theory via formal and rigid geometry, Inst. Hautes 
Etudes Sci. Publ. Math. (1995), no. 82, 5-96 (1996). MR 1383213 (97f:14047) 

DORIO J.-E. Dat, S. Orlik, and M. Rapoport, Period domains over finite and p-adic fields, Cambridge 
Tracts in Mathematics, vol. 183, Cambridge University Press, Cambridge, 2010. MR 2676072 
(2012a:22026) 

Dri76 V. G. Drinfel’d, Coverings of p-adic symmetric domains, Funkcional. Anal, i Prilozen. 10 
(1976), no. 2, 29-40. MR 0422290 (54 #10281) 

Fal99 G. Fallings, Integral crystalline cohomology over very ramified valuation rings, J. Amer. Math. 
Soc. 12 (1999), no. 1, 117-144. MR 1618483 (99e:14022) 

Ger08 L. Gerstein, Basic quadratic forms. Graduate Studies in Mathematics, vol. 90, American Math¬ 
ematical Society, Providence, RI, 2008. MR 2396246 (2009e: 11064) 

GH15 U. Gortz and X. He, Basic loci of Coxeter type in Shimura varieties, Camb. J. Math. 3 (2015), 
no. 3, 323-353. MR 3393024 

GHKR06 U. Gortz, T. Haines, R. Kottwitz, and D. Reuman, Dimensions of some affine Deligne-Lusztig 
varieties, Ann. Sci. Ecole Norm. Sup. (4) 39 (2006), no. 3, 467-511. MR 2265676 (2008e:14068) 

Gro64 A. Grothendieck, Elements de geometrie algebrique. IV. Etude locale des schemas et des mor- 
phismes de schemas. I, Inst. Hautes Etudes Sci. Publ. Math. (1964), no. 20, 259. MR 0173675 
(30 #3885) 

Haml 6 P. Hamacher, The almost product structure of Newton strata in the Deformation space of a 
Barsotti-Tate group with crystalline Tate tensors. Preprint, arXiv:1601.03131, 2016. 


64 


Rapoport-Zink spaces for spinor groups 


HP14 B. Howard and G. Pappas, On the supersingular locus of the GU(2,2) Shimura variety, Algebra 
Number Theory 8 (2014), no. 7, 1659-1699. MR 3272278 

Kiml3 W. Kim, Rapoport-Zink spaces of Hodge type, Preprint, arXiv: 1308.5537, 2013. 

Kiml4 _, Rapoport-Zink uniformization of Hodge-type Shimura varieties, Preprint, 2014. 

KislO M. Kisin, Integral models for Shimura varieties of abelian type, J. Amer. Math. Soc. 23 (2010), 
no. 4, 967-1012. MR 2669706 

Kisl3 _, Mod p points on Shimura varieties of abelian type. Preprint, to appear in JAMS, 2013. 

Kit93 Y. Kitaoka, Arithmetic of guadratic forms, Cambridge Tracts in Mathematics, vol. 106, Cam¬ 
bridge University Press, Cambridge, 1993. MR 1245266 (95c:11044) 

Kot84 R. Kottwitz, Shimura varieties and twisted orbital integrals. Math. Ann. 269 (1984), no. 3, 
287-300. MR 761308 (87b: 11047) 

Kot85 _, Isocrystals with additional structure, Compositio Math. 56 (1985), no. 2, 201-220. MR 

809866 (87i: 14040) 

Kot92 _, Points on some Shimura varieties over finite fields, J. Amer. Math. Soc. 5 (1992), 

no. 2, 373-444. MR 1124982 (93a:11053) 

KP15 M. Kisin and G. Pappas, Integral models for Shimura varieties with parahoric level structure. 
Preprint, arXiv:1512.01149, 2015. 

KR99 S.S. Kudla and M. Rapoport, Arithmetic Hirzebruch-Zagier cycles, J. Reine Angew. Math. 515 
(1999), 155-244. MR 1717613 (2002e:11076a) 

KROO _, Cycles on Siegel threefolds and derivatives of Eisenstein series, Ann. Sci. Ecole Norm. 

Sup. (4) 33 (2000), no. 5, 695-756. MR 1834500 (2002e: 11076b) 

Kud04 S.S. Kudla, Special cycles and derivatives of Eisenstein series, Heegner points and Rankin L- 
series. Math. Sci. Res. Inst. Publ., vol. 49, Cambridge Univ. Press, Cambridge, 2004, pp. 243- 
270. MR 2083214 (2005g:11108) 

Lan02 S. Lang, Algebra, third ed.. Graduate Texts in Mathematics, vol. 211, Springer-Verlag, New 
York, 2002. MR 1878556 (2003e:00003) 

Mat80 H. Matsumura, Commutative algebra, second ed., Mathematics Lecture Note Series, vol. 56, 
Benjamin/Cummings Publishing Co., Inc., Reading, Mass., 1980. MR 575344 (82i:13003) 

Mes72 W. Messing, The crystals associated to Barsotti-Tate groups: with applications to abelian 
schemes. Lecture Notes in Mathematics, Vol. 264, Springer-Verlag, Berlin-New York, 1972. 
MR 0347836 (50 #337) 

Moo98 B. Moonen, Models of Shimura varieties in mixed characteristics, Galois representations in 
arithmetic algebraic geometry (Durham, 1996), London Math. Soc. Lecture Note Ser., vol. 
254, Cambridge Univ. Press, Cambridge, 1998, pp. 267-350. MR 1696489 (2000e: 11077) 

MP15 K. Madapusi Pera, The Tate conjecture for K3 surfaces in odd characteristic. Invent. Math. 
201 (2015), no. 2, 625-668. MR 3370622 

MP16 _, Integral canonical models for spin Shimura varieties. Compos. Math. 152 (2016), no. 4, 

769-824. MR 3484114 

Nis82 Y. A. Nisnevich, Etale cohomology and arithmetic of semisimple groups, ProQuest LLC, Ann 
Arbor, MI, 1982, Thesis (Ph.D.)-Harvard University. MR 2632405 

Ogu84 A. Ogus, F-isocrystals and de Rham cohomology. II. Convergent isocrystals, Duke Math. J. 51 
(1984), no. 4, 765-850. MR 771383 (86j:14012) 

PR94 V. Platonov and A. Rapinchuk, Algebraic groups and number theory, Pure and Applied Math¬ 
ematics, vol. 139, Academic Press, Inc., Boston, MA, 1994, Translated from the 1991 Russian 
original by Rachel Rowen. MR 1278263 (95b: 11039) 

Rap05 M. Rapoport, A guide to the reduction modulo p of Shimura varieties, Asterisque (2005), 
no. 298, 271-318, Automorphic forms. 1. MR 2141705 (2006c:11071) 


65 








Rapoport-Zink spaces for spinor groups 


RR96 M. Rapoport and M. Richartz, On the classification and specialization of F-isocrystals with 
additional structure, Compositio Math. 103 (1996), no. 2, 153-181. MR 1411570 (98c:14015) 

RTW14 M. Rapoport, U. Terstiege, and S. Wilson, The supersingular locus of the Shimura variety for 
GU(l,n — 1) over a ramified prime, Math. Z. 276 (2014), no. 3-4, 1165-1188. MR 3175176 

RV14 M. Rapoport and E. Viehmann, Towards a theory of local Shimura varieties, Munster J. Math. 
7 (2014), no. 1, 273-326. MR 3271247 

RZ96 M. Rapoport and Th. Zink, Period spaces for p-divisible groups. Annals of Mathematics Studies, 
vol. 141, Princeton University Press, Princeton, NJ, 1996. MR 1393439 (97f: 14023) 

Ser73 J.-P. Serre, A course in arithmetic. Springer-Verlag, New York-Heidelberg, 1973, Translated 
from the French, Graduate Texts in Mathematics, No. 7. MR 0344216 (49 

ShilO G. Shimura, Arithmetic of quadratic forms. Springer Monographs in Mathematics, Springer, 
New York, 2010. MR 2665139 (2011m:11003) 

SW13 P. Scholze and J. Weinstein, Moduli of p-divisible groups, Gamb. J. Math. 1 (2013), no. 2, 
145-237. MR 3272049 

Viel4 E. Viehmann, Truncations of level 1 of elements in the loop group of a reductive group, Ann. 
of Math. (2) 179 (2014), no. 3, 1009-1040. MR 3171757 

VollO I. Vollaard, The supersingular locus of the Shimura variety for G\J{1, s), Ganad. J. Math. 62 
(2010), no. 3, 668-720. MR 2666394 

VWll I. Vollaard and T. Wedhorn, The supersingular locus of the Shimura variety of GU(l,n — 1) 
II, Invent. Math. 184 (2011), no. 3, 591-627. MR 2800696 (2012j:14035) 

Worl3 D. Wortmann, The fi-ordinary locus for Shimura varieties of Hodge type. Preprint, 
arXiv: 1310.6444, 2013. 

Zhal3 C. Zhang, Ekedahl-Oort strata for good reductions of Shimura varieties of Hodge type. Preprint, 
arXiv: 1312.4869, 2013. 

Zhal5 _, Stratifications and foliations for good reductions of Shimura varieties of Hodge type. 

Preprint, arXiv:1512.08102, 2015. 

Zhul4 X. Zhu, Affine Grassmannians and the geometric Satake in mixed characteristic. Preprint, 
arXiv: 1407.8519, 2014. 

ZinOl Th. Zink, Windows for displays of p-divisible groups. Moduli of abelian varieties (Texel Island, 
1999), Progr. Math., vol. 195, Birkhauser, Basel, 2001, pp. 491-518. MR 1827031 (2002c:14073) 

Zin02 _, The display of a formal p-divisible group, Asterisque (2002), no. 278, 127-248, Coho¬ 

mologies p-adiques et applications arithmetiques, I. MR 1922825 (2004b:14083) 

Benjamin Howard 

Dept, of Mathematics, Boston College, Chestnut Hill, MA 02467-3806 

Georgios Pappas 

Dept, of Mathematics, Michigan State University, E. Lansing, MI 48824-1027 


66 




